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Advanced Statistical Inference I
Homework 1: Probability Theory
Due Date: September 22nd, 2016

1. (Review change of variable and integration) Given a set (region),
A={(x,y):0§x§1,0§y§1}.
Make the transformationu =z + y, v = Z.

(a) Sketch this region or image of the transformation.

[ fiap et

D= {(z,y):z+y < 1/4}.

(b) Find the following integration

on the set A N D, where

2. (Review college level probability and statistics) Given pdf of ,

_ | Xexp(=Az) forz>0
flz)= { 0 otherwise

where ) is a positive real number. Find the pdf

9@ = [ f@)fe-v)y

forallz € R.
Hint: The above formula is called convolution of X =Y + Z, where Z = X —Y and Y and
Z are independent random variables with the same distribution f. Be careful with the region
of integration.

3. (Review some combinatory) Lay aside m black balls and n read balls in a jug. Suppose
1 < r < k < n. Each time one draws a ball from the jug at random.

(a) If each time one draws a ball without return, what is the probability that in the k-th time
of drawing one obtains exactly the r-th red ball?

(b) If each time one draws a ball with return, what is the probability that in the k-th time of
drawing one obtained totally an odd number of red ball?

4. (Review uncorrelated and independent) A coin is tossed 10 times. (The implicit assumptions
are that the tosses are independent and the chance of heads is 1 /2.) Let V be the number of
heads among the last 9 tosses. Let X be +1 if the first toss is heads; else, X = —1. Set
U = XV. Show that Cou(U, V) = 0 and the random variables U and V" are not independent.

5. (Review concept involved conditioning) A coin is tossed 10 times. (The implicit assumptions
are that the tosses are independent and the chance of heads is 1/2.) Let X be the number of
heads on the first 5 tosses, and Y the total number of heads. Show that E(Y|X = z) =z+2.5
and var(Y|X = z) = 5/4 where the possible values of z are 0,1,...,5.
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6. (Review of MLE) Let X; and Y;, 1 < i < n, be independent. Moreover, both X; and Y; are
normally distributed with mean o; and varaince o fori = 1,...,n.

(a) Show that the MLE for a; is &; = (X; + Y;)/2 and the MLE for 02 is 62 = n™1 37, 52,
where s? = (X; - Y;)?/4.

(b) Show that 62 is not consistent by identifying its mean and variance as n goes to infinity.
Review the proof of large numbers and the definition of convergence in probability.

7. Suppose that an experiment is conducted to measure a constant §. Independent unbiased
measurement i of # can be made with either of two instruments, both of which measure with
normal errors: for i = 1, 2, instrument ¢ produces independent errors with a N (0, o) distribu-
tion. The two error variances o2 and o2 are known. When a measurement y is made, a record
is kept of the instrument used so that after n measurements the data is (a3, %1), - - -, (@n, Yn)>
where a,, = 1 if y,, is obtained using instrument i. The choice between instruments is made
independently for each observation in such a way that

P(a,=1)=Plan=2)=05 1<m<n.

Let z denote the entire set of data available to the statistician, in this case (a1, v1), - - - , (@n, Yn)>
and let £y(z) denote the corresponding log likelihood function for 6. Leta = "7 _,(2 — a,,).
Show that the maximum likelihood estimate of 6 is given by

8. (Review optimization of non-differentiable function) Suppose z,,.. ., z, are real numbers.
Suppose n is odd and the z; are all distinct. There is a unique median Z: the middle number
when the z’s are arranged in increasing order. Let ¢ be a real number.

(a) Show that f(c) = X", |z; — c|, as a function of ¢, is minimized when ¢ = Z.
Hints. You cannot do this by calculus, because f is not differentiable. Instead, show that
f(c) is (i) continuous, (ii) strictly increasing as c increases for ¢ > Z, ie., Z < ¢; < ¢3
implies f(c1) < f(cz), and (iii) strictly decreasing as c increases for ¢ < Z. It is easier to
think about claims (i) and (iii) when c differs from all the z’s. You may as well assume
that the z; are increasing with <. If you pursue this line of reasoning far enough, you will
find that f is linear between the z’s, with corners at the z’s. Moreover, f is convex, i.e.,

f((z+9)/2) < [f(=) + fW)]/2.

(b) Suppos X; are independent for 1 = 1,...,n, with common density 0.5 exp(—|z — 4)),
where @ is a parameter, z is real, and n is odd. The MLE for 6 is defined as the maximizer
of [T, 0.5exp(|z; — 6|). Find MLE of 6.

9. (Review optimization of differentiable function) Suppose that, conditional on the covariates
x € RP, the Y’s are independent 0 — 1 variables, with logit P(Y; = 1|X; = x;) = x;0, i.e,,
the logit model holds. Here x is a p x 1 vector. Its log likelihood function can be written as

L.(8) = (Z log[1 + exp(x;/3) ) (Z Xi )

i=1

(a) Show that L,(03) is a concave function of 3.
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10.

11.

12.

13.

14.

(b) Show that L,(8) is strictly concave if X has full rank. Here X is a p X n matrix and
= (X1,...,Xn)-

(c) Comment on the existence of the maximizer of L, (3) when X is full rank.

Hint. Let the parameter vector 3 be p x 1 and c be a p x 1 vector with ||c|| > 0. You need to

show cT L, (B)c < 0, with strict inequality if X has full rank. Check that cTxT'x;c > 0 and

" (x:8) < m < Oforalli = 1,...,n, where m is a real number that depends on 3. Note
that ¢¥(z) = — log(1 + €%).

(Detect mixture distribution) Two pennies, one with P(head) = u and one with P(head) = w,
are to be tossed together independently. Define py = P(0 heads occur), p; = P(1 heads occur),
and p, = P(2 heads occur). Can u and w be chosen such that py = p; = p2? Prove your
answer.

(Countable additivity and Kolmogorov’s Axiom)

(a) Show that the Axiom of Countable Additivity implies Finite Additivity.
(b) Prove that the Axiom of Continuity and the Axiom of Finite Additivity imply Countable
Addivity. Note that Axiom of Continuity

(Information and Conditioning) An employer is about to hire one new employee from a group
of N candidates, whose future potential can be rated on a scale from 1 to N. The employer
proceeds according to the following rule.

(Rule 1) Each candidate is seen in successsion (in random order) and a decision is made
whether to hire the candidate.

(Rule 2) Having rejected m — 1 candidates (m > 1), the employer can hire the mth candidate
only if the m th candidate is better than the previous m — 1.

Suppose a candidate is hired on the ith trial. What is the probability that the best candidate
was hired?

(Is there a cheating?)

(a) In a draft lottery containing the 366 days of the year (including February 29), what is
the probability that the first 10 days drawn (without replacement) are evenly distributed
among the 12 months?

(b) What is the probability that the first 30 days drawn contain none from September ?
(Sampling and central limit theorem)
(a) A way of approximating the large factorials is through the use of Stirling’s Formula:
n! & V2" t1/2 exp(—n),
a complete derivation of which is difficult. Instead, prove the easier fact,

n!
im = a constant.
A, T Hi/a exp(—n)




15.

16.

17.

(b) Suppose that we are going to calculate all possible averages of four numbers selected
from {2, 4, 9,12} where we draw the numbers with replacement. Prove that the average
of {2,4,9,12}, 29/4, has the highest probability.

(¢) Prove that. in general, if we sample with replacement from the set {z;,z2, - -, ,}, the
outcome with average (z; +z+- - -+,)/n is the most likely, having probability n!/n™.

(d) Use Stirling’s formula to show that n!/n™ ~ v/2nmwe™".

(e) Show that the probability that a particular z; is missing from an outcome is (1 —1/n)" —
exp(—1) as n — oo.

(Model time series and etc) Derive the autocovariance function of the following autoregressive

Pprocess: :
Xt = 0.5Xt..1 + Zt,

where E(Z;) = 0, var(Z;) = 1, and Z1, Z,, . . . are independent. For a time series {X;}, its
autocovariance function is defined as

Vx (¢ + h, t) = Cov(Xirn, Xi) = E[(Xesn — E(Xe4n))(Xe — E(Xy))].

(What is the meaning of random assignment? Think of lottery.)

(a) My telephone rings 12 times each week, the calls being randomly distributed among the
seven days. What is the probability that I get at least one call each day? (Answer:
0.2285.) '

(b) What is the probability distribution of X;?

(c) If someone does this experiment once, you are asked to guess the outcome of X; defined
in Exercise 1.46. Let Y; denote the rule that someone will make a guess j. If the guess
matches the outcome of X, a prize of 100 dollars will be given. Otherwise, there is no
reward. Determine the expected return of rule Y; and decide which Y; gives the highest
return.

(Comparison of two random variables)

(@) A cdf Fx is stochastically larger than a cdf Fy if Fix(t) < Fy(t) for all t and Fx(t) <
Fy (t) for some t. Prove that if X ~ Fx and Y ~ Fy, then

P(X >t) > P(Y >t) foreveryt
and
P(X >t)> P(Y >t) forsomet,

that is, X tends to be bigger than Y.

(b) Let X and Y be two random variables defined as in Example 1.5.4 with px and py,
respectively. Here px and py refer to the probability of a head on any given toss for
those two coins, respectively. When px > py, is Fy is stochastically greater than F'x?
Give reason to support your conclusion.



18. The paper “Methods of Studying Coincidences” by Diaconis and Mosteller (1989, JASA)
shows how the “The Law of Truly Large Numbers” might explain what we think of as rare
events. That is, when we truly enumerate the sample space and the event, things are not so
remarkable as they might once seem.

The Birthday Problem is an example of this, as is the Double Lottery Winner. To the average
person, it seems that the odds are astronomical that someone could win the lottery twice, but
that is not so! Lets do some calculations for the Florida Lotto.

(a) The Florida Lottery states Select six numbers from 1 through 53 in one panel on your
FLORIDA LOTTO playslip, and gives the odds of winning as 1 : 22, 957, 480. Verify
that this number is correct. (You might check out http://www.flalottery.com)

(b) There was a front page story in The New York Times that reported a 1 in 17 trillion long
shot of a woman who won the New Jersey lottery twice. The 1 in 17 trillion number is
the correct answer to a not very relevant question. It is the probability that YOU will
win the lottery twice. Calculate this number for Florida Lotto

(c) The important question is, What is the chance that some person, out of all the millions
and millions of people who buy lottery tickets in the United States, hits a lottery twice in
a lifetime? (We must remember that many people buy multiple tickets on each of many
lotteries, but we will ignore that fact here.) The population of Florida is 15, 982,378
people. What is the probability of a double lottery winner if (i) one out of every 10
people play Lotto and (ii) one out of every 5 people play

(d) Finally, realize that we should not only consider one lottery, but take into account the fact
that the lottery is run every week. Redo the calculations in part (b) assuming that (i) the
lottery is played every week for one year (ii) the lottery is played every week for five
year

(e) After the The New York Times article appeared, Steve Samuels and George McCabe, both
Professors in the Department of Statistics at Purdue University, did some calculations
and called the event “practically a sure thing,” calculating that it is better than even odds
to have a double winner in seven years someplace in the United States. It is better than
1 in 30 that there is a double winner in a four month period - the time between the
winnings of the New Jersey woman.

For the Florida Lotto, give a scenario in which it would be better than even odds that
there will be a double lottery winner.



Methods of Studying Commd,ences

The following item was reported in the February 14, 1986 edition of The New York Times: A New
Jersey woman wins the New Jersey State Lottery twice within a span of four months. She won the
jackpot for the first time on October 23, 1985 in the Lotto 6/39. Then she won the jackpot in the new
Lotto 6/42 on February 13, 1986. Lottery officials declare that the probability of winning the jackpot
twice in one lifetime is approximately one in 17.1 trillion. What do you think of this statement?
Solution. The claim made in this statement is easily challenged. The officials’ calculation proves
correct only in the extremely farfetched case scenario of a given person entering a six-number
sequence for Lotto 6/39 and a six-number sequence for Lotto 6/42 just one time in his/her life. In
this case, the probability of getting all six numbers right, both times, is equal to

1 1

_ ) 13
C(39,6) X Caze) x0T

But this result is far from miraculous when you begin with an extremely large number of people
who have been playing the lottery for a long period of time, each of whom submit more than one
entry for each weekly draw. (Refer to American Statistician (1992): 197-202.) For example if
every week 50 million people randomly submit five six-number sequences to one of the (many)
Lottos 6/42, then the probability of one of them winning the jackpot twice in the coming four
years is approximately equal to 63%. The calculation of this probability is based on the Poisson
distribution, and goes as follows. The probability of your winning the jackpot in any given week by
submitting five six-number sequences is

i)

—— =9.531 x 107",
C@z6) 9.531 x 10

The number of times that a given player will win a jackpot in the next 200 drawings of a Lotto 6/42,
then, is Poisson distributed with expected value

5
=200 X ——= = 1. 1074
Ao 0XC(42,6) 983 x 107°%..

For the next 200 drawings, this means that
P(any given player wins the jackpot two or more times) = 1—exp(—Ao)—A¢ exp(—Ag) = 1.965% 1078,

Subsequently, we can conclude that the number of people under the 50 million mark, who win the
jackpot two or more times in the coming four years, is Poisson distributed with expected value

A = 50,000,000 x (1.965 x 1078) = 0.9825.

The probability in question, that at some point in the coming four years at least one of the 50
million players will win the jackpot two or more times, can be given as 1 — exp(—\) = 0.626. A
few simplifying assumptions are used to make this calculation, such as the players choose their six-
number sequences randomly. This does not influence the conclusion that it may be expected once
in a while, within a relatively short period of time, that someone will win the jackpot two times.



RDS’H—OOB
_ ﬁm/% (Wlﬁ‘! i) ~ DA

@) A=V, 2= UV« Baggy

o 0svEl, pedyesl

. iy PH Jm A
it Lekma@@@%z\ (R J:n, mo \;L@Mwi

Cé\npfl omet (ﬁ%@ ADe L

@ng o (i)




- yu\ A~ g Gt
~ \L@g(g&})l (1703,

L O TR ) —
- 3[;@94?\—2\ g’y - Qg\gQ)/

0

| e a%w;

‘ﬁ; X ﬁjﬁq”fh H} )ﬁtﬁ' o

ﬁm@‘ g @@mﬁﬂm;

2 mnﬁ( T&i‘q)xf@é@f |
B BE M B AR A oG (oo BB
ORGH b m%mwﬁh y

. Y\U" MQ@ % /
oG L@ﬂﬂ%%




Cb’ By R RBSE- & LA v RE m
%&k@%ﬁﬁé% é@ﬁﬁﬁw%ﬁﬁ&paw

Cowem{giey)

iy @4@ % S

(%Lo_) o<> < 3@@%} ﬁ@ﬁ%
Jd»%%ﬁ 7%:f f”*'”







& EHRR ) 10 .
/i“{(\)( N R@)Jﬂ{ “ 3 A

W Vo Lot Tt e (TEBAORE, Ko %L)

=™

I-Te n b&) cn%tn%é) - _
O ®LUV)=F [U\/:[th\)j F“EVF D

SELV]-EDIEM
Mv oS ( %%X%\/ z%ﬂ -

= p00E) - B Bf= FUQ wt;w;o
CCED=0wm. D=4 ol :UL% -
K @
@ H\J‘W b Tz St TN (@Eﬁvﬁv%vﬁtﬁﬁ
PLURD RO PO VY TR

M V=T b=01= D, NEAREY
= PO V=) B0 =4 @j L @7‘1

***** . U4 V=0) - T’YFXV\ V=9, ) 0.
ZIRRELEE V-0 0 v




28 ((% &5 Pﬂﬂﬁ@% To\E)

0\3——\{ ,,,,,,,,, S

E Xw ILIH’“ -

[T 1 s

Yl % (H#THAR5%)

b Tr=5) 0= (o) wle e

T ey
>LJ]V_((X'?\<L?Y Y’X—’ ? X) VAN /\G’b%»r\ e
e ey

- Mx— (= o 7\) M L@i T Uz\)y

Eﬁ—ﬂm 5 **** wnwv 1-!9

| ‘S/W HW')D“ ‘)— 2 —Zﬁ

OV Y EN) W S TN
- s T T Gman)




E XL/\(\N QO{ ()j
. (J (X\/\(\/\{i Y’L )6\() (1\ yu lhj] Z&t% -




dz) G- %ﬁﬁ%m@@ﬁ% o
9\3 %Jﬂ
X e NG c) (v € e ﬁﬁ%‘) -

ﬁX\LY\ A N( 0y 26)

%\g‘\’ Yl (‘B X/Sm C%aréz\ """" %ﬁﬁ ) o
%&;\( - g@%qim (a@'@hﬁt\m -

|—9A

’).J

@T _ CMMB N Bupe OO B HOR ﬁfm
- (3 Bme 7 Ynomart el “@\“’ﬁ

e oGS HA (D "

i3, il ﬁo‘ 674 X2 ~@mi?‘\il—wﬁ T')?@




.ﬂ No. .
(4 Mw 6) e Lyl

Qir._; G~ zm\’\ (- 10} .

o o Boms, ﬂymwc oar)
N €L X g6 ¢
NP Gl BRM ﬁfﬁrfuais

o (- %7 - (o 495 ﬁ——
= ot <Dy \\(m %@\ﬁﬁlﬂ\hf ﬁ\ﬁ*%‘%_,

o B Wf—)—“ <P - JLX 6@”)’312%%719%\
( Fo N ﬂlﬁﬂ%)
o Ko 33)? Ko (el S\E ED%): /,k ALQQ@
<t

| (B =)
f zaﬁ;v__a pe m\.L )




AT AV i
{\ Y U

(B=0- B B o b=

5 =T .
“?ﬁ%ﬁfwmﬁm¢Ma@ ﬁf
g /1N N\ - ,

(B |
)

~ DCO();‘U) 1)’8)) = {3 E&) z&’ QT( Am'& &13" ) o

S0y, Boy)= __L (=

IR e w‘\ 9616 )

- ?@%/ﬁ (‘ﬂ,li ORI ?ﬂ?) A E‘Lm - !

sm%,xp /Iﬁ @
;ﬂmm%\yw%ﬁJw—ff

§N%3%/




a1 ; .
%}‘<GO;LG&)LE)/ @L(ﬁ %é((—g g_&‘)
5= bt5) - 20 ) w

. < i (foke),
7 QM.E—— %6‘ = 6\4}' /j o
S04 &j\‘ S
T Z m
(a 3_(2&) 2 4}7( \l ol{

Blod et
ﬁ\\ = . G BQ\ -
H o

@N\P <CL \>(o»+ %)W .




S e

4
BB Y ?ﬁff L) Ay <o OO0

@ 3O =2 Wel o Dkt
 JY<Aw<- <M)zﬂ§%@,\gﬁ SEel

, 5(()__ Zj X() —Ql <Py {)’m’ﬂ *i ,,i,, o
m Jr ((\ 71) Paatl AR

gl e
o, UL e

<, Q O
RO @9

ﬂiﬁcjﬁ %59’) (Cw) w23 © X~ W\ ?‘?) *3@9

T% G Xow uihie )\ SgnQC \(chﬂ Saq(C X(\H)) “Sh @ M
Sj]( “\x@ﬂ? @(C——Xm /— . 39;,((3 X = )

£\

\

\ f.
aﬂ dc X['ﬂ~l/

C oo n(CXw) C&»lﬂm)o@ . m%\\%w

ﬁz@m -QJ<L, S

\C> )(W o @70 :) |




Cb) Qi ﬂ\qﬂ\b [0 W\) )(\A%ﬂﬁfﬂ?ﬁﬁ&}(ﬁé X'

g Sa(Ehel) o) (o )

W0y 0= Xyadtr 2[%’@)[ o
b e ﬁmr%:




ﬂff\ﬂ Hmu 5 %ﬁﬂzm g )
;ﬂx o) [ )wu*rf e




,@ Xc@ﬁh}ﬂﬂ\ "*Ym\f o

| - U= E@hﬁggﬁﬂ%ﬁ
- Xe=Can @11;,) WM‘L %

S (M Hn)é‘ -G Xty -—@0
SRk

x}? 2l v )@ﬁ) 5 5=
L on o Hen e e o

(SJCWI"7 (N@R)
@z EE%) H@\M B %ﬁ\&@& h@ ﬁ%ﬁ@




T“\ R{) @fp SAC . |
=% =4 ]

o)

4/\)\“* UKHD) -N f—g\ o

- W B
?ﬁ" P, BB u\u/‘ - (U['N))"'U\A)"/\ -
: © =] (2R3 I “Nkﬁxf

u\wvg %%Mp%ix\ (D EwW)=0 j‘j_j‘* }
Ctrde i ge- u::%fbo

ﬁ?%ﬁ?\k TN o BN,

KRR () - W=D
R L e e




CfZ;/X

m /z, %, Th=d ()
. ) Gemif{*ifl Tk, e ﬁi@ma 1) 917)

TR EM (Q, PEB e P Orl2)

Cew feed (namd) o UM U= GN‘C-%?‘“ B
B ¥ VT = 19 ¢ S —
~ |32 (2. ? P)J
i cb) IR (a2 P)EN | Bg @ s EE e
VAC & = -_;ML L

Q)=

HE, 9 ol
% ks hahd (b Cuk)

W B (O = 2B Acd M

TEL W AChn (AEP) A
A=— \)AV\ A s PP Wﬁf WA 0

O RN, At | (= MQ)J(MA%L
Jm{»@b) l{(ﬂ(&)j ‘W) @

\A; dowm j\m \)A\L A UR @7

H V

B PN



o ~ o -

12 =4 %%mﬁﬁw
W%%@lﬂm poferto) a bejoal ) o N

. NG B R TRIE R

Py - T mmﬁmm b3
COUNTRCRIN [y ¥ L2 YN .
@m%%@z@“wm | ﬁm&{w %_‘:&
f ?E&@;LW %ﬁL r%{z @J\m@w -
Eﬁmﬁ:ﬁ m@ m%qa& )

Wf’&ﬂ\ BARA B (}mjm
%‘Qﬁ%ﬁ%ﬂ %-”@f:ﬁ@h (ﬁ/m,\\) o
FOCT T

-

Apk=5e o ARGFRA




ﬁMMﬁ%—m wm

C(E | RS Féﬁwﬁﬁ}

j%iﬁ& NE . Jt ?qb/\%mﬁfﬁﬁ@ﬂ[
| =INVR MR-

L 30 NBA T B 1, m—mww cmm~
KRR Pw\\“s Ln @%; %%ﬁ?ﬁﬁ o

9 O
ﬁ% Z%\/—\ - % J B i *
- KRo%R %W@ k%@ aﬁﬁtb%- @ﬁ -

 fREhmL. F. B mALER, |
R ER BVBA TR BIHS, ﬁau\;%%-t -

BT, oy Rk t‘*ff*f“’*‘*“ A

- ReRAwetE v
%}E, - BADA SR 33&% o

. G- RAESER. M%A@ii@ .
F %5) ufol S, ﬁ&ﬁw%%
 pAAR SRRl B8 ot
= M%ﬁjﬁﬂ%@mﬁﬂ —4#&

N(=0)




B ‘1@? amboe%m (B3R
I 36b) AR, 403 (30hh
RS Z e 33@@39( @x F AR }

(B ii? W) Yo ﬁf 5 -
3 300

A RO e G _J

@ Ffotos mw\afﬁu Gpn

Daa/jﬁ ’)ﬂ&/}
5 2n B 4R TR A oA 9R PR IR

PENCH S SEYETENERESRIIISISN

{ e 8~b€r-Q—\e;~v.—»~———~ - - —
/@%Mb Ke®E N




B S e

8) Yoon PV <33, Sk, XA@X@M&\MM -
He ]-CQL;TY’}B e ;4,\4\( TRl

o Yw?fx-k@f‘\?fbnE g(f )} E[TXL%
S U__T..@) ‘ ﬂﬂ)ﬁ Fr\ﬁ\g:ﬂ? N ; i e 93‘
o)~ <0 - r)— -mmf—y;,l RO
e ELH*} TS GIZKH) -

N poy \<<L M‘—l—’ t% , ,
Hn,&@)——rg_v%fémy\ SR A V) Qggg&ﬁﬂ

e e Py d) (), SRa).

a ladvad %{72{'&‘7%4979 e /@ 3 m\}) Pcht\

s K a2, ol )
2 Yoy HERERE Py T

e
;”j@ fiy o) = Ay o)




E;)te ®E\ e
I5iKC) /@mbﬁ 1401) b 4RI

@m&“—?%@&&@,@ Ty *
{Emw NANR) T f2) /gt —_

. THagga) mn - 5
579%?‘714%3@ T‘MS T4k iy

{ j [9.29, ILH MD

) - A \H IHM % A
o clp ¥ {440, lt \ 429 &
S HQAL}H‘!“HL ) A3 4%

1) %ﬂ% @&j {mmﬁ % \® % o
N ORE /CWWH*“ #*
| <

|G o &




| @fnﬂq R

) oo (S %% * |

LMY Ry

4y | gy

B
=
%4%‘0\) w3l _;Lt

{akaly w2

B %% S
* (4 I H\ o 1@ o —

HML\) 44 ;,,%.‘5—

PRI L -
( % Eq &ar ?’és\» j S

SIS W
?Eu\w\ AIRS  Ap= %?)




e -
- T e %:‘(\;'\Hl;’b\

A <o L«mbm w«h\aﬁa Y RBE S0

A
) g
e

U Adp A ﬁm (kg A=y

i

g T\z o 2z |
- W J;,%z'ﬂ |

—— vh

%iﬁiﬁ%}w Mﬂ%ﬁ%ﬁ%
[C N A CAATT. %*’QH\MW

B d&,@f@ﬂm;) i

_(c) L F -
% g&—-ﬂfqﬂﬂl -




..........

5] e YorMEBSBN Y= 05 +A
BUYe=0 W BB TR, o Y=y Z_AQ

BoolitZ= 0524
00D 0SB 0ZA D
WAREN o= Zt (B i+ ) Bt @a )

e . (2L 2y cd)

R ReEACYETRO Y = .
EDE)=o, WX =vum
L G

b B (2o (4 E=w mm -
@ jz >j o

-,%\ \:Iﬂ TT\JO (@P)) cEERR ‘%ﬂh
= (1=

b s fa)

&@j@fl Q) = @?i %ﬁ A@)( (2712)

ture



)‘\- AP
Ve To=n o R B
(1{,0 BUE:\. )&min %ﬁ) o j;

R 1 s é’w 1\%\"6)1’(\

HL\E— <{M) KWH\J I
C=Re 0z, hz LR j@,} l S

j j%/:l} 1'\ “;{4 ~XL/\ )\L 17“\’1')}‘0\\‘
UH\H 1=5 -

= @@@@@\}Hlj).




(Q) (2. . %IEW%{ vﬁﬁﬁi Cﬁﬂ Pﬂ@?@mﬁB
Mk (“r%)rlv—rl\;‘;,q rﬂ‘p )
PV(X) ), 2] \(7?\ \/@\ %2, 1“ 120) 1 7 7

X0 =0\ %0 Yﬁ»D\)fs/O\)XL-@quo)

Cfr%:DM B \(m) i Wpﬂ/) -

OG-
(:D ( Y\—-’DIY}/B) RS ¢ #LXBLO qub) ) @ 2G> ?WL\

o (M0 Ym0 6=0) - p(is, Y, YM) 3 gty

c-ﬁf (ym =0, =0 Ygmo) . B (XAFD X6, Yeded) )

@4»09%50; é@“’ L

o h
)

G )=




g (X f\\@f—b) ‘E) Q9% Q)*l‘
GgMﬁ«39G\ @nwﬁvm

@ Fae=) =0
ﬂwQFow%4>EMm9

- G X0 (17}1 U 4 %} N ——C}) Ny *%'\)ﬁb %)X’)
o' : -
oM -onite

B Yi~ Bl )
(©) MX)\—O) GT

o B -
5 N

- (@ W)\




BN %oxs
—a R %MAX} Wm/\ \)

R E \\mﬁﬂ&@\\ \ U predia Y- ) $RGY

W)= (oG- SPsoms
2 00X 0015 = 318 (){ouﬂl‘f 1% ‘%Q 5)




D {i R s stdam) fm@eh fh F’c
% KY<Ri) w\\aﬁb\g

s N0t = mvtf
g Wy =06 e i;f;i;f -
T, RU<RY

G et < MEs)
4 -Het)< M)
g plot) s OO v [\ ed
) BB B |51 \%@m P Me -
%ffw Ry G Topr © Bogk Sy
ii;if 3 ¥ G0 % G&K (Y- m@@)

{ tr(=t)= ELQ';@\) 1@”\’
b (f=4) = PpGp) '




bRl = U——&f—‘& »oern
Yo &6 Fpos \m

= F([t)fxﬁDD (£=11D- )

SR RCo sedatidy gy e R




/xm m@:ﬁ’mfm e
YN

® @) las}o} S 69 2&51@,3\ 5‘3@ aim ,D%W
| -

@) 230\5 IWXB | EQ/UOL\S Eﬁl’ﬁ S\)qf\) . -

L TV T

" (D Flondo A [0, 0000 2, 5 (1 b()pl\) gg}\

@Iﬁﬁg\ F}wx‘\ R& " 77
S BEmE o (AE) B

W . k0,0 /\3‘% ﬁkﬁ/&%ﬂrvﬁ cr*)sza Wf@;%
(rABERE) )

R (00, QL%“JEPXQ
Pr(le) - b X« \szol

= |- FQT) W - 4p) 3510

{’r(\(‘ 1) - 1 & 0y Q"“ 5 _g;“ f[j
ft{X{éj/mY\w W ,]] & 5 \639 \
p- mWy ~ (s oY %@Q




or

ﬁw%m (2 m\; E——

YTX?‘L)e— el
| = |- PU’P} mwﬁ -

l

= 593 10‘ o
\b‘”w“

WQqsw sl (5N
‘__: = | (=57 nS“T%}J) @L @a‘? oM mff

h [)»(\(\_Z’L\v« X@Q‘h ZE){{\*Q‘ OOB -

— N N




Advanced Statistical Inference 1
Homework 2: Transformations and Expectations
Due Date: October 6th

. Let Q be a sample space and let A;, As, - - - be events. Define B, = U2, A; and C,, = U2, A;.

(a) Show that B; D By---andthat C; C Cy C ---.
(b) Show that w € N, B, if and only if w belongs to an infinite number of the events
Ay, A, - -

. Let X ~ Uniform(0,1). Let0 <a<b< 1.LetY = 1when 0 < z < b. Otherwise Y’ =0
Let Z = 1 whena < z < 1. Otherwise, Z = 0.

(a) Are Y and Z independent? Why/Why not?

(b) Find E(Y'|Z). Hint: What values z can Z take?
. Let X have mean 0. We say that X is sub-Gaussian if there exists o > 0 such that
log(E[exp(tX)]) < t?0?/2 for all t.

(a) Show that X is sub-Gaussian if and only if —X is sub-Gaussian.

(b) Let X have mean u. Suppose that X — p is sub-Gaussian. Show that P(|.X — pu| > t) <
2 exp(—t2/(20?)).
Remark: When people say “X is sub-Gaussian they often mean that “X — u is sub-
Gaussian.

(c) Suppose that X is sub-Gaussian. Show that, for any p > 0,

E[|X[?] < p2°/*0"T(p/2).
. LetXy, -+, X, beiid, with mean u, Var(X;) = o2 and | X;| < c. Bernsteins inequality says
that

_ nt?
P(|Xn — p| > t) < 2exp (—m) -

Suppose that 02 = O(1/n). Use Bernsteins inequality to show that X,, — u = Op(1/n).

. An urn contains b black balls and r red balls. One of the balls was drawn at random, and
putted back in the urn with a additional balls of the same color. Now suppose that the second
ball drawn at random is red. What is the probability that the first ball drawn was black?

. Let X; and X, be iid Uniform(0, 3). Find the density of Y = X;/X>.

. Let X1,--, X, ~ Uniform(a,b) where a < b. Let ¥, = max{X;j,---,X,}. Find the
density of Y,.

. Consider the random variable X ~ U[—1,1]. Derive the CDF and (for continuous case) the
density function for the following random variables.

0 ifX e[-1/2,1/2]
X otherwise )

(a)Y={



10.

11.

12.

(b) Z = F(Y), where F(Y') is the CDF of Y as defined in (a).
(c) Find E(Y), E(Z), Var(Y), and Var(Z)

. Let Y be arandom variable following the exponential distribution, i.e. fy (y) = exp(—y)I(y >

0). Conditional on Y = y, X is a random variable following a normal distribution with mean
y and variance y.

(a) Compute E[X] and Var(X).

(b) Find the distribution of (X — Y)2. ,

Suppose that X has a continuous distribution with p.d.f. fx(z) = 2z on the interval (0, 1),
and fx(x) = 0 elsewhere. Suppose that Y is a continuous random variable such that the

conditional distribution of Y given X = z is uniform on the interval (0, z). Find the mean
and variance of Y in two different approaches.

(a) Determine the unconditional (marginal) distribution of Y. Use it to compute E[Y] and
Var(Y).

(b) Use the the relationships E(Y) = E[E(Y|X)]and Var(Y) = E[Var(Y|X)|+Var(E(Y|X)).

(Median) (a) Suppose continuous random variable X has the exponential distribution X ~
Ezxp()\) with pdf f(z) = Aexp(—Az)1l(o,00))(z) for A > 0. What is the median for X and
find an expression for Pr(X > s +t|X > s).

(b) When the median of a random variable X (or its distribution) is any value n such that
P(X >m)>1/2and P(X <m) >1 /2, show that the set of medians is a closed interval
[mo, ma).

(Data summary) For any set of numbers z;, . .., Z, and a monotone function h(-), show that
the value of a that minimizes 37, [h(z;) — h(a)]? is given by a = h™} (X1 h(z:)/n).

Find functions h that will yield the arithmetic, geometric, and harmonic means as minimizes.
Recall that the geometric mean of non-negative numbers is ([T, ;)™ and the harmonic
mean is [n~1 S, (1/z)] .
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Advanced Statistical Inference 1
Homework 3: Transformations and Expectations
Due Date: October 24th

. Let X ~ N(0, 1) be the standard normal distribution. Show that

(a) The moment generating function M (t) = exp(t?/2) for all ¢t € R.
(b) Mx2(t) = (1 —2t)"2 for —co < t < 1/2.

. The Weibull cumulative distribution function is
z\P
F(z) =1—exp [— (-&) }, z>0,a>0,8>0.

(a) Find the density function.

(b) Show that if W follows a Weibull distribution, then X = (W/a)? follows an exponential
distribution.

(c) How could Weibull random variables be generated from a uniform random number gen-
erator?

. Let X have two-sided exponential distribution with density
1
flz) = 2 exp(—|z|), forz € R.

(a) Find the moment generating function of X.
(b) Use your answer in (a) to find E(X), E(X") and Var(X).
(c) For any 4 € R, and ¢ > 0, what is the density of Y = ¢ X + u?

. Let Y have the binomial(n, p) distribution and let X have the beta(a, ) distribution.

(a) Showthat P(Y <y)=P(X <1-p)ifa=n—yandf=y+ 1.
(b) Use the relationship in part (a) to find the median of a beta(5, 3) random variable.

. For any random variable X, be it continuous, discrete, or whatever, a uth-quantile of X is
defined to be a number z such that the following holds.

PIX<z]>u and P[X >z]>1—u.
The standard exponential distribution has density

_ | exp(—z), forz >0,
f(x)—{O, forz < 0.

What are its quantiles?

. (Refer to the previous question on the definition of quantile.) Suppose Z is a standard normal
random variable, with density ¢(z) = exp(—22/2)/+v/2m for —o0 < z < 00.

(a) Show that P[Z > 2] = (1 + o(1))¢(z)/z as z goes to co; here o(1) denotes a quantity
that tends to 0 as z goes to 1. [Hint: integration by parts.]

1



9.

10.

(b) Let g, be the (1 — a)th-quantile of Z. Show that

go = y/2log(1/ar) — log(log(1/a)) — log(47) + o(1)
as a — 0; here o(1) denotes a quantity that tends to 0 as a« — 0.

. Suppose Y is a standard Cauchy random variable.

(a) What are the first and third quartiles of Y?
(b) Show that P[Y > y] = 1/(my) as y — oo.

. Adapted from A Simple Population Estimate Based on Simulation for Capture-Recapture and

Capture-Resight Data by Minta and Mangel, Ecology 1989.

In the fall of 1984, North American badgers (Taxidea taxus) were snowtracked in
a 15 km? area on the National Elk Refuge, Jackson, Wyoming. The size and shape
of the target area were dictated by topographic and plant community features that
created a relatively isolated area of high badger density. Fifteen of the badgers
were radiotagged and known to be occupying or overlapping the area. During the
2-month tracking period there was no death or emigration of radiotagged badgers,
and radiotagged badgers outside the target area did not immigrate. One badger
emigrated near the end of the sampling period. During daylight and under suitable
weather conditions, the target was searched for badger snowtracks. A total of 24
tracks could be followed to a terminal hole, where the badger would be inactive in
an underground burrow. All telemetry frequencies were then scanned to determine
whether the badger was marked or unmarked. Radiotelemetry revealed that 11 of
the tracks were generated by marked badgers.

(a) Let N be the (unknown) total badger population size. Explain why the hypergeometric
distribution can be used to model this experiment. Identify the values of the parameters
M and K.

(b) For the values of the parameters given above, what is your best guess (estimate) of N.

(c) For the value of N from part (b), draw the hypergeometric distribution. How likely is the
observed value of z?

(d) For values of N near that of part (b), evaluate the probability of the observed value of .
What might you conclude about the population size?

Let X3, - - -, X, be independent random variables, taking values from [0, 1} and S, = 3°¢-; Xi.
Show that, for any ¢t > E(S,),

P(S,2>t) < (E(tsn)) (n - E(S,,))"—t'

n—t

Hint. Use Chernoffs bounding method.

Let Y;,Y,,Ys, - - - be a sequence of i.i.d. random variables with mean F(Y;) = u, and finite
variance Var(Y;) = o2. Define the sequence {X,,,n = 2,3,---} as
Y+ NYat o+ VY + Yol

Xn , forn=2,3,---.
n

Show that X,, converges to u2 in probability.

2




11. Let Y1,Y5,Ys, - - - be a sequence of positive i.i.d. random variables with 0 < E[InY;] = v <
0o. Define the sequence {X,,,n =1,2,3,---} as

Xn = (V1YaY3- - Yo Y)V", for n=1,2,3,-.
Show that X, converge to exp(-y) in probability.

12. Let X, be uniform on the points {1/n,2/n,---,n/n = 1}. As n goes to the infinity, show
that Eh(X,,) converges to Eh(X) where X is a uniform random variable on the interval [0, 1].
(Think of the convergence of a Riemann sum to a Riemann integral.)

13. Consider the following sequence of random variables:

x _|n with probability 1/n
" 1 0 with probability 1 — 1/n.

Find E(X,), Var(Xy), and show that X,, converges to 0 in probability.
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Advanced Statistical Inference 1
Homework 4: Common Families of Distributions
Due Date: November 21st

1. ,Buppose that (Y, X) are random variables where Y € {0,1} and X € R. Suppose that
' X|Y =0~ Normal(0,1)

and that
X|Y =1~ Normal(2,1).

Suppose that P(Y = 0) = P(Y = 1) = 1/2. Find m(x) = P(Y = 1|X = 2).
Q/ ket X1,..., X, ~ Bernoulli(§) where 0 < § < 1. Let ¥; = exp(3X;). Let

1 n
- 23%

(a) Show that there is a number u such that W,, converges in probability to .

(b) Find the limiting distribution of /n(W,, — ). (\
(c) Let Y, = /W,. Show that v/n(Y, — a) — N(0,b) for some a and b. Fin a and b
explicitly.
.’/\Let X, be a Bin(n, 1/2) random variable. Set T i
X, n—X. )
1 n 1 n
n=1+_J @__)
< vn Vvn v \
v 17
(a) Find E(Y,). A
(b) Find the limiting distribution of Z,, = log ¥,,.
’\/\ $ Let X;, X5, ..., X, beii.d. random variables from an exponential distribution with mean 1/

"~ s0 that their common density function is

f(z|A) = Aexp(—Ax), = >0.

Denote by X1y < X(g < -+ < X, the order statistics of Xy, Xo,. .., Xpn. Define, for

1=1,2,...,n
D;=(n—i+1)(Xu — Xe-v)
with X(O) = 0.
(a) Prove that Dy, D,, ..., D, are i.i.d. random variables from an exponential distribution

with mean 1/A.
(b) Use the result in (a) to find E(X(»))-

(c) Forafixed K € {3,4,...,n}, suppose that you are only able to observe the exact values
of Xy, X(2), ..., X(x) and you only know that each of the Xéj)s for 7 > K are at least

equal to X (k. Define the total-time-on-test (TTOT) statistic

K
T=> Xu+n—K)Xu:

i=1

Find E(T) and determine the constant ¢ such that E(cT) :/)\ ] ~;\

1



v

-

(d) Find an expression for the variance of your estimator in ().

KS\, Let X, be a Bin(n, 1/2) random variable. Set

1 Xn 1 n—Xn
() (%)
(a) Find E(Y,).

(b) Find the limiting distribution of Z,, = log Y.

\&Note that a random variable X with the following density function

. 1
flzlp) = Wr(p/%x(p/?)'l exp(—1/2), 0<z<o0

is called a x? random variable with p degrees of freedom. Its moment generating function
Mx(t) = (1—2t)""/?forany t < 1/2.
(a) Find the MGF My (t) where Y = Z2. Here Z is a standard normal random variable.

(b) Let U and V be independent and identically distributed x? random variable with 1 degrees
of freedom. Find the MGF My (t) of Y = U + V. What is the distribution of Y'? You
can use the above fact on the moment generating function of Mx (¢) to answer question

(®) - (.
(¢) Find the mean and variance of a x? random variable with 1 degrees of freedom.

d If Xq..... X, are independently identically distributed x? random variable with 1 degrees

of freedom. Find the MGF M, (¢) of the standardized mean,
X — E[X4]

\/Var(Xl)/n'

(e) What is the limit of M,,(t) as n — oo? What distribution has this function for its MGF?

W, =
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Advanced Statistical Inference I
Homework 5: Estimationiikelihood —
Due Date: December 1st ( % h@

"\!,/Let X1, X3 ~ Uniform(0,6) where § > 0.

(a) Find the distribution of (X, X5) given T where 7' = max{ X1, X5}.
(b) Show that X; + X is not sufficient.

“ jLet Xy, ..., Xn ~ Uniform(—6,260) where 0 < . Find the likelihood function.

3. Anunknown number, say NN, of animals inhabit a certain region. To obtain some information
about the population size, ecologists often perform the following experiment. They first catch
a number, m, of these animals and tag or mark them in some manner. The captured animals
are then released back into the region. After allowing the tagged animals time to disperse
throughout the region, a new catch of size, say n, is made. Let X denote the number of
marked animals in the second catch. If we assume that the number of animals in the region
remains essentially constant between the times of the two captures and that each time an
animal was caught it was equally likely to be any of the remaining uncaught animals. Derive
the distribution of X. (Note that it is hypergeometrically distributed.)

\t./The following data shows the heart rate (in beats/minute) of a person measured through the
day. ’ -
73,75,84, 76,93, 79, 85, 80, 76, 78, 80,

Assume the data are an iid sample from N (0, 02) where o2 is known as the observed sample
variance s2. Thus,

po(z) = (2m0%) ™2 exp (-%(w ~ 6)2> :

For the following cases: (a) only the first value z; = 73 is reported, (b) only the sample
mean Z is reported, (c) only the sample median Z () is reported, and (d) only Z(11) = Tmaz
is reported. (For the data above, 7 = 879/11, Ze) = 79 and g3y = 93.) Please derive the
-distributions needed for each of the cases (a), (b), (c), and (d) .

\5./ Again in reference to question 4, consider the following two cases: (a) only z) and 1y are
reported and (b) only ;) and Z(2) are reported. Using the distributions for the appropriate
order statistics, derive the likelihoods for each of these cases.

6. For determining the half-lives of radioactive isotopes, it is important to know what the back-
ground radiation is in a given detector over a period of time. The following data were obtained
in aray detection experiment over 98 ten-second intervals.

58 50 57 58 64 63 54 64 59 4ll43 56 60 50 46 59 54 60 59 6d 67 52
65 63 55 61 68 58 63 36 \42 54 58 54 40 60 58 53 51 73‘44 50 53 62
58 47 63 59 59 56\60 59 50 52 62 51 66 51 56 531{59 57

Assuming a Poisson model with parameter ) for the data, derive its likelihoof function and
determine its maximum likelihood estimate.




«,\%'.//Suppose that X;, Xo, - -+, X, are 1.i.d. with density function

| exp(—(z—96)), z>06
flalf) = { 0, otherwise,
(a) Find the method of moments estimate of 4.
(b) Find the maximum likelihood estimate of §. (Hint: Be careful, and dont differentiate
before thinking. For what values of 4 is the likelihood positive?)

Measurement Model with Autoregressive Errors) Let X7, - -, X,, be the n determinations

@ of a physical constant 4. Consider the model where X; = u + ¢;, 5 = 1,-++,n and assume
& = Pei1+ 6,1 =1,--+,n, € = 0. To find the density (X1, -+, X,) by finding the
density of ey, - - -, e, using conditional probability theory and e; = fBe;_; + ¢;. Derive the
density as follows

(a) Show that p(e, -+, en) = f(e1) f(e2 — Be1) - -+ f(en — Ben_1).

(b) Show that the model for X1, - - -, X, is p(z1, - -, Zn) = f(z1 — ) IG—p f(z; — Baj—qg —
(1 = B)w).

(¢) Give the joint density function when f is the N(0, 0'2).

9. Consider the random variable X ~ U[—1,1]. Derive the CDF and (for continuous case) the
density function for the following random variables. '

_Jo ifXe[-1/2,1/2
@Y= { X otherwise '
() Z = F(Y), where F(Y) is the CDF of Y as defined in (a).
(¢) Find E(Y'), BE(Z), Var(Y), and Var(Z).

\KLet X be a random variable with range {0, 1,2,...}. Show that if E(X) < oo, then

E(X)=3 P(X > n).

\/LC'E X be arandom variable having a c.d.f. F(z). Show that if X > 0, then
E(X) = /[1 — Fx(z)]dz;

in general, if £(X) exists, then

B(X) = /Ooo[l—FX(x)]dx—/

’ [Fx(z)]dz.

I\QA.et X1 and X, be independent random variables having the standard normal distribution.
Obtain the joint p.d.f. of (Y1,Y2), where ¥; = {/X?+ X2 and Y; = X1/Xs. Are the Y;
independent?

}Q/Consider n systems with failure times X, . .., X,, assumed to be independent and identically
distributed with gamma, I'(6, A) distributions, where 60 and ) are both unknown. Find the
method of moments estimates of @ and .



Q‘Q{ If time is measured in discrete periods a model that is often used for the time X to failure of
an item is,
L PlX =k =011-0), k=1,2,...

where 0 < 6 < 1. Suppose that we only record the time of failure, if failure occurs on
or before time r and otherwise just note that the item has lived at least (r + 1) periods.
Thus we observe Y3, . .., Y, which are independent, identically distributed, and have common
frequency function,

f(k,0) = 61(1—6), k=1,2,...,r
ftr+1,6) = 1—550"-1(1—9)=9f.

k=1

Let M = number of indices I such that ¥; = r + 1. Show that the maximum likelihood esti-
mate of @ basedon Y7, ..., Y, is

~ ?: Yi—n

N/Suppose X has a Hypergeometric distribution with parameters b, N, n. (Refer to A13.6 of
BD for further information on this distribution.) Show that the maximum likelihood estimate

of b for N and n fixed is given by,
7 X e X . .
b(X) = [_E(N + 1)] if £(N + 1) is not an integer,

and
5(X)=—)7-§—(N+1) or %(N+1)—1

otherwise, where [¢] is the largest integer which is < £.

5’ \6/.}/1.& Xi,..., Xy beiid according to a Weibull distribution with density

i
S

foz) = 0°! exp(—z%), z>0,6>0.
Show that there is a unique maximum of the likelihood function.

17. Suppose X1, ..., Xn be iid according to N(£,1) with § > 0. Show that the maximum likeli-
hood estimate is X when X > 0 and does not exist when X <0.
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' Advanced Statistical Inference I

Homework 6: Estimation, Likelihood, and Kernel smoother
Due Date: January 3rd 2017

1. Let X be a random variable with EX? < oo, and Y = |X|. Assume that X has a density
symmetric about 0. Show that random variables X and Y are uncorrelated, but they are not
independent.

2. Suppose U and V' are independent with exponential distribution with parameter A. (A random
" variable T is exponentially distributed with parameter X if its density is given by f(t) =
Aexp(—At) with support 7 > 0.) Define X =U +VandY =UV.
(a) Derive the joint density of (X,Y).
(b) Find the best linear predictor of Y given X.
(¢) Find the best predictor of Y given X.
3. Let X3, -, X, be IID Cauchy random variables. What is the distribution of X,.? Does this

result make sens@
Hint: look up the characteristic function of the Cauchy RV.

4. Let X; be i.i.d. exponential random variables with rate one, ¢ > 1. Let N be a geometric
fandom variable with success probability p, 0 < p < 1, ie. P(N = k) = (1 —p)*"'p,
k=1,2, -, and independent of all X;, ¢ > 1. Find the distribution of >N X,

5. Let X; be independent Gamma(a;, b) random variables, i = 1,---, n.

(@) Use the characteristic or moment generating function to show that 37" ; X; is Gamma(3_7-, a;, b).
(b) For a positive constant C, what is the distrition of CX;?
(¢) Show that Y7 = X;/(X;+Xz) and Yo = X1+ X are independent. Derive the distribution

of Y;.

\& Suppose U and V' are independent with exponential distribution with parameter A. (A random
{_ variable T is exponentially distributed with parameter X if its density is given by f@t) =
K')J Aexp(—At) with support T > 0.) Define X =U + V andY = Uv.

p
(a) Derive the joint density of (X,Y").
(b) Find the best linear predictor of Y given X.
(c) Find the best predictor of Y given X.

7. Suppose that X and Y have a joint pdf given by

2 O<r<yxl
0 otherwise.

fxy(z,y) = {

(@) Find E[Y|X = z].

(b) Plot the CEF (conditional expectation function) E[Y'|X = z]. Can you explain heunisti-
cally why the function has this particular form?

(c) Find E[Y X3 + 1|X = zo).



(d) Find V(Y|X = o). Does its dependence on x, make sense to you?

8. The Weibull cumulative distribution function is
\AB
F(zx)=1—exp —(—a—) , 2>0,0>0,8>0.

(a) Find the density function.

(b) Show that if W follows a Weibull distribution, then X = (W/ «)? follows an exponential
distribution. :

(¢) How could Weibull random variables be generzited from a uniform random number gen-
erator?

9. Let Xlﬁ?%tZN Uni form(0, 6) where 8 > 0.
()

(a) Find the distribution of (X7, X) given T’ where T' = max{ X1, X2}
(b) Show that X; + X is not sufficient.

10. Let X3, -+, Xn ~ Uniform(—6,26) where 8 > 0. Find the likelihood function.

11. Consider four observations —1, 0, 0.5, and 3 and evaluation at x = 0, x = 0.5, and z = 1.
Using a bandwidth of 1, determine Gaussian kernel density estimate at & = 0, z = 0.5, and
z = 1. Note that the resulting estimate at z = 0 should be 0.249.

[@( You are given a kernel K (-) which satisfies K(u) > 0, [ K(u)du = 1, [uK(u)du = 0,

T K (u)du = 0% < oo. You are also given a bandwidth & > 0, and a eollection of n
univariate observations zp, Zs, - - -, %n. Assume that the data are independent samples from
some unknown density f.

(a) Give the formula for fh, the kernel density estimate corresponding to these data, this
bandwidth, and this kernel.

(b) Find the expectation of a random variable whose density is f, in terms of the sample
moments, h, and the properties of the kernel function.

(¢) Find the variance of a random variable whose density is fh, in terms of the sample mo-
ments, h, and the properties of h the kernel function.

(d) How must /& change as n grows to ensure that the expectation and variance of fh will
converge on the expectation and variance of f?

" Let X4, ---, X, be a random sample from the density 4 L
f(:c|0) = 9.’170_1](0’1)(.’1,'). /i

The parameter space is © = (0, 00).

(@) Verify that — log X; = Y has an exponential distribution.
(b) Find the Cramer Rao lower bound for unbiased estimators of 7(¢) = 1/6.
(¢) Show that — X7, log X;/n is an UMVUE of 1/6.



\/Let Xy, -+, X, beiid U|0, 4], and suppose that we want to estimate 6.

(a) Show that X () = max;<;<, X; is sufficient for 4.
(b) Let 6=2X 1, show that 6 is an unbiased estimator for 6.
(¢) Find E(0|X(»)) and show that it is a UNVUE of 6

v./Suppose Xy, -+, Xy, are iid Poisson()), and let § = exp(—A) which is P(X; = 0).

Sty TR T

(a) Show that 7" = Y7, X is sufficient for 8.
(b) Consider an estimator § = 1 X,=0- Show that 0 is an unbiased estimator of 6.
(¢) Show that E(G|T = t) = (1 — 1/n)Z: X+,

. Let X = (X3, ..., X,) be a sample from an exponential distribution with individual densities

f(x;0) = —exp( Z)’ z >0,

where ¢ > 0 is unknown. OL

(a) Show that § = X2/2 is an unbiased estimator of 9(0) :@’
(b) Show that ¢(X) = Y7, X; is sufficient for 6.

(¢) Rao-Blackwellize f to find an improved unbiased estimator of 9(6) which is denoted by
Bus .
Hint: You may use without proof that the distribution of U = X,/ (X, X;) follows a
Beta-distribution B(1, n — 1), where B(a, $) is the distribution with dens1ty

Ila+B)

168) = rayres)

———Lt* M1 -, 0<t< 1.

(d) Find the MLE of 62 and denote it by sze Compare the mean square error of the two

estimates. ﬂ =
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