Advanced Statistical Inference II
Homework 1: Review of probability language and some concepts in statistics.
Due Date: March 2nd,Agg1\7
AN .

1. (Review operation of random variables) Let X and Y be independent Poisson random vari-
ables with mean p and \ respectively. Find the distribution of X + Y and conditional distri-
bution of X giventhat X +Y =n.

2. (Review change of variable and integration) Let X and Y be independent exponential random
variables with rate o. Find the densities of the random variables X3, | X ~Y'|, and min(X, Y3).

3. (Review college level probability and statistics) In R? let the two coordinate axes be denoted
"= by the z-axis and the y-axis. An isoceles triangle is formed by a unit vector in the (positive)
z-direction and another unit vector in a random direction. Find the distribution of the length

of the third side.

e 4, (Key fact) Let F' be a cumulative distribution function which is continuous and strictly in-
creasing. Let X ~ U[0,1] and define Y = F~!(X). Compute the distribution function of
Y.

MOrder statistics) Let X;, 1 < i < 3 be IID U0, 1] and let the corresponding order statistics
“be X. Let Uy = X(1y/ X (2) and Us = X()/ X(3). Show that Uy and U, are independent.
Your can refer to the note at

http://www.math.ntu.edu.tw/”hchen/teaching/LargeSample/notes/noteorder.p(
?&( (Order statistics) It is assumed that the lifetimes of electric bulbs have an exponential distri-

bution with an unknown expectation . To estimate «, a sample of n bulbs is taken but one
only observes the lifetimes of these bulbs X3y < X(g) < -+ < X¢r). Let

U=

r 1<
Xoy+ - > X
=1

Show that E(U) = a~! and Var(U) = a~2/r.
7. Let X and X, be independent and identically distributed. Show that

P(|X1 = Xo| > t) < 2P(1X3] > t/2).

_8.-(Review MLE and asymptotic analysis) Let X3, ..., X, be i.i.d. random variables with com-
" "“mon density function

0
fe(.’L’) W, z>0,0>0.

(a) Find the maximum likelihood estimator of 8, denoted as én.
(b) Find the asymptotic distribution of v/7(, — 6).

(¢) Find a function g such that, regardless the value of 0, Vlg(@,) — g(6)) = N(0,1) in
distribution
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9. (Law of large numbers and importance sampling) The following algorithm has been proposed
to find P(Z > 5) =1 — ®(5) where Z is a standard normal random variable.
Step 1. Sample x4, 2o, . . ., Z, from N(5,1).

Step 2. Calculate
B(x:)

pIS’-— *Z[(xl >5)——(—'——5-)'

where ¢(-) is the density function of Z.

(a) Is prs an unbiased estimator of 1 — ®(5)? Justify your answer.

(b) Determine the variance of f;g.

@ (Over Dispersion and Mixture Distribution) The Conway-Maxwell-Poisson distribution has

the probability function
AV 1
PY: :——, =0,1,2,"'
Y=v=uyrzon
where o i
Z()\’ V) Z ( I)V

(a) Place this distribution in an exponential family form with respect to both parameters, and
identify all the relevant components.

(b) Determine v such that the Conway-Maxwell-Poisson distribution is reduced to the Pois-
son distribution.

(c) Explain why this distribution can be used to model overdispersion for count data.

To have a better understanding on the term overdispersion, please refer to
http://data.princeton.edu/wws509/notes/c4a.pdf

4]}& Long (1990, 1997) gave data on the number of publications by 915 doctoral candidates in bio-
chemistry. The numbers of published papers during last three years of Ph.D. are 0,1,2,3,---,12,
16 and 19. The corresponding number of students from 275, 246, 178, 84, 67, 27, 17, 12, 1,
2,1, 1, 2,1, 1. When the number of publications can be modelled as a Poisson random
variable with mean J, can you be certain that they come from Poisson based on the fact that
E(X)=Var(X)= A\

gg/ The double-exponential distribution has pdf f(z) = (\/2) exp(—A|z|, for fixed A ; O.

(a) Find the MGF Mx(t) of a double exponential. For which ¢ is it finite?

Ry (b) Let U and V are independent and identically distributed random variables with exponen-
~ . tial distribution with mean 1,and Ofind the MGF My (t) of Y = U — V. What is the
’ C distribution of Y'?
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(c) Find the mean and variance of a double exponential. If Xi,:--, X, are ii.d. double
exponentials, find the MGF M,,(¢) of the standardized mean,

X -E[X
W, = X _BX)
J/Var(X)/n
(d) What is the limit of M,,(t) as n — c0? What distribution has this function for its MGF?
>..,>« Let X1, -, X, be IID normal random variables with mean y and variance 1. Here u > 1.

i

(a) Find the MLE of u which is denoted by fimge.
(b) When the true u > 0, deten;'ne the distribution of \/7(fimie — ) when n is large.

(¢) When the true 1 = 0, detdrmtne the distribution of \/n({mie — 1) When n is large.

14, Suppose U and V are independent with exponential distribution with parameter A. (A random
variable 7" is exponentially distributed with parameter X if its density is given by f(t) =
Aexp(—At) with support T > 0.) Define X =U +VandY = UV.

(@) Derive the joint density of (X,Y).
(b) Find the best linear predictor of Y given X.
(c) Find the best predictor of Y given X.

15. Suppose that X and Y have a joint pdf given by

2 0<z<y<l
0 otherwise.

fxy(z,y) = {

(@) Find E[Y|X = o).

(b) Plot the CEF (conditional expectation function) E[Y'|.X = z]. Can you explain heuristi-
cally why the function has this particular form?

(¢) Find E[Y X3 + 1| X = zg).
(d) Find V(Y| X = ). Does its dependence on z, make sense to you?

16.. The Weibull cumulative distribution function is
r\A8
F(z) =1—exp [—— (a) }, z>0,aa>0,8>0.

(a) Find the density function.
() Show that if W follows a Weibull distribution, then X = (W/a)? follows an exponential

distribution.
(c) How could Weibull random variables be generated from a uniform random number gen-
erator?
(17 Let X, =2 ~ Uni form(0, 6) where 6 > 0.
2
(a) Fim%he distribution of (X, X5) given T where T = max{ Xy, X»}. ;
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19.
.~ Using a bandwidth of 1, determine Gaussian kernel density estimate at x = 0, £ = 0.5, and

20.

(b) Show that X; + X, is not sufficient.
Let X3, -, X, ~ Uniform(—0,26) where 6 > 0. Find the likelihood function.

Consider four observations —1, 0, 0.5, and 3 and evaluation at x = 0, x = 0.5, and z = 1.

x = 1. Note that the resulting estimate at x = 0 should be 0.249.

You are given a kernel K(-) which satisfies K(u) > 0, [ K(u)du = 1, fuK(u)du = 0,
fulK(u)du = 0% < oo. You are also given a bandwidth » > 0, and a collection of n
univariate observations 1, Zs, - - -, Z,. Assume that the data are independent samples from
some unknown density f.

(a) Give the formula for fh, the kernel density estimate corresponding to these data, this
bandwidth, and this kernel.

(b) Find the expectation of a random variable whose density is f , in terms of the sample
moments, h, and the properties of the kernel function.

(c¢) Find the variance of a random variable whose density is fh, in terms of the sample mo-
ments, h, and the properties of h the kernel function.

(d) How must h change as n grows to ensure that the expectation and variance of fh will
converge on the expectation and variance of f?

@,Let X1, -+, X be a random sample from the density

22,

23.

f(l'le) = on_lf(o,l)(x),
The parameter space is © = (0, co).

(a) Verify that —log X; = Y has an exponential distribution.
(b) Find the Cramer Rao lower bound for unbiased estimators of 7(6) = 1/6.
(¢) Show that — -7, log X;/n is an UMVUE of 1/9.

Let X1, -+, X, beiid U[0, 6], and suppose that we want to estimate 6.

(a) Show that X (,,) = max;<;<n X; is sufficient for 0.

() Let @ = 2X;, show that 6 is an unbiased estimator for 6.

(¢) Find E(|X(x)) and show that it is 2a UNVUE of 4

Suppose X3, - - -, X, are iid Poisson(}\), and let § = exp(—A\) which is P(X; = 0).
(@) Show that T' = Y 7, X; is sufficient for 6.

(b) Consider an estimator 6=1 X, =0. Show that 6 is an unbiased estimator of 6.
(¢) Show that E(|T =t) = (1 — 1/n)2s%+,

24:/Let X = (Xy,...,X,) be a sample from an exponential distribution with individual densities

1 x
f(m,e)_éexp<_'é>a $>0,

where @ > 0 is unknown.



X
o
(@) Show that § = X?2/2 is an unbiased estimator of g(6) :@

(b) Show that ¢(X) = 37, X; is sufficient for 6.

(¢) Rao-Blackwellize 6 to find an improved unbiased estimator of g(¢) which is denoted by
Ous
Hint: You may use without proof that the distribution of U = X;/(3 7., X;) follows a
Beta-distribution B(1, n — 1), where B(q, () is the distribution with density

(a+5)ta 1(

— )81
O )P, O0<t<l.

fta,B) =

(d) Find the MLE of 6% and denote it by émle. Compare the mean square error of the two
estimates.

25. Suppose X ~ N(0,¢?). Note that the density function of X can be parametrized by a single

parameter o and
f(zlo) = . ex (—12- I(z € R)
(@) Specify n(c), T(z), ¥(o) = log o, h(z) = (1/v2m)I(z € R) to represent the density in

the form
f(zlo) = exp(n(o)T(z) — ¢(0))h(z),

for any o € R*.

(b) Suppose that we have an iid sample X1, Xa, -+, X, ~ N(0,¢?). Then write the joint
density of X, Xs, - -+, X,, in the same general form

f(CIJ],.’EQ, e ,.’l?n|0') = e_Xp (n(U)T(xlax% te axn) - ¢(U)) h(xl’x% o ’xn)'

Show that the sufficient statistic is Y- ;

/(c) Using the fact that the sum of squares of n mdependent standard normal variables is a chi
square variable with n degrees of freedom, we have that the density of T'(X;, X, - - -, Xy)

is
exp(—t/(202))tV/?-1

frllo) = = o n/2)
Please identify n(c), S(t), ¥(o) and h(t).
- )

I(t > 0).
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Advanced Statistical Inference 11
Homework 2: Review of probability language, asymptotic analysis and some concepts in statistics.
Due Date: March 20th, 2017
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V./Suppose X is a Binomial(n, p) random variable, 0 < p < 1.

(a) Find the mle for p(1 — p).
(b) Show that the mle is not unbiased for p(1 — p).
(c) Construct an unbiased estimator for p(1 — p) using this mle given in (a).

WOmplete) Suppose X is a Binomial(2, p) random variable where p can take only two values
1/2 and 1/4. Show that this family is not complete by constructing a non-zero function g(.X)
whose expectation is zero for both p = 1/2 and '1/4.

%order statistic) Let X, X2, X3 be a random sample of size three from the uniform distribution
U(0,6), where > 0 is an unknown parameter. Let X(1), X(2), X(3) be the corresponding
order statistics.

(@) Find the marginal pdf X () and show that X(1y/6 is distributed as Beta(1, 3).
(b) Compute E[X(1)]. Construct an unbiased estimator for 6 using X (1.
(c) Show that X(3)/ X (1) is independent of Xs).

A\
@ (order restricted inference) Let X be a single observation from the N (0, 1) distribution, & > 0.
li\lotice that the unknown mean is assumed to be positive.
. (a) Obtain the maximum likelihood estimator (MLE) of 4, 0. (Be sure to consider the param-
eter space.)

/() Show that E(0) # 6.

\3/. (Review change of variable and integration) Let X and Y be independent exponential random
yariables with rate ov. Find the densities of the random variables X?, |X —Y'|, and min(X, Y?).

MOrder statistics) It is assumed that the lifetimes of electric bulbs have an exponential distri-
““bution with an unknown expectation a~!. To estimate «, a sample of n bulbs is taken but one
only observes the lifetimes of these bulbs X 1) < X(g) < -+ < X(r. Let

n—r
r

U=

1 r
X(r) + '7: ;X(i)-

Show that E(U) = a~! and Var(U) = a~2/r.

7. (Review MLE and asymptotic analysis) Let X3, ..., X, be i.i.d. random variables with com-
mon density function

0
fo(x)z(l—_'_;;)—oﬁ’ .’L'>0,0>O

(a) Find the maximum likelihood estimator of 8, denoted as O
(b) Find the asymptotic distribution of V6, — 6).

1



(c) Find a function g such that, regardless the value of 6, \/_ (9(8,) — g(8)) = N(0,1) in
distribution.

item (Law of large numbers and importance Sampling) The following algorithm has been
proposed to find P(Z > 5) = 1 — ®(5) where Z is a standard normal random variable.

Step 1. Sample z,, o, .. ., Ty, from N(5,1).
Step 2. Calculate
. 1 & B(x:)
P1s = — g-’(ﬂvz 2> 5)¢(CL‘¢ = 5)
where ¢(-) is the density function of Z.

(@) Is prs an unbiased estimator of 1 — ®(5)? Justify your answer.

(b) Determine the variance of pjg.

é/(Truncated random variables) Let X be a continuous random variable with pdf f(z) and cdf
F(z). For a fixed number z,, define the function

g(x) = { f(@)/[1 — F(zo)] ifx >z

ifx <z

Prove that g(z) is a pdf. (Assume that F'(x9) < 1.) Derive, via integration, the CDF (cumu-
lative distribution function) corresponding to the pdf g(x).

\J(Markovs inequality) Let X be a non-negative random variable and let g be an increasing
non-negative function defined on [0, c0). Suppose that E(g(X)) is finite. Prove that, for any
€>0,

P(X =€) < E(g(X))/g(e)-

10. (constrained optimization) Let X be a single observation from the N (6, 1) distribution, > 0.
( ‘ )Notlce that the unknown mean is assumed to be positive.

/ (a) Obtain the maximum likelihood estimator (MLE) of 9, 6. (Be sure to consider the param-
eter space.)

(b) Show that E(f) # 6.

11. It has been determined that the total food consumption for a particular ant species in a region

\~is a random variable. T' which, given the number of colonies N, has Normal(Np, No?)
distribution. Suppose N ~ Poisson(}). Suppose iid data (T3, N1), (T, Nz), ... can be
observed according to the above and let T and NN be the corresponding means for samples of
size n. Show that v/n(T — ) and %,:(T Au) each converge in distribution, as n — oo,
and describe the limits.

12. (Sample selection bias) Assume that € and v are random variables jointly normally distributed
N(0,0, 1, 1, p) where 0 < p < 1. Assume that a ) wage offer W are a random linear function

B oo



13.

14.

Assume that wage offers are accepted (and therefore observed) only if the worker decides to
enter the workplace. v is a measure of propensity to work, and a worker enters the workplace
only if » > 0. Derive an expression for the expected wage for the working population. Do
not solve any complicated integrals.

Suppose U and V' are independent with exponential distribution with parameter A. (A random
variable T' is exponentially distributed with parameter X if its density is given by f(t) =
Aexp(—At) with support T > 0.) Define X =U +V andY = UV.

(@) Derive the joint density of (X,Y).
(b) Find the best linear predictor of Y given X.
(c) Find the best predictor of Y given X.

Adapted from A Simple Population Estimate Based on Simulation for Capture-Recapture and
Capture-Resight Data by Minta and Mangel, Ecology 1989.

In the fall of 1984, North American badgers (Taxidea taxus) were snowtracked in
a 15 km? area on the National Elk Refuge, Jackson, Wyoming. The size and shape
of the target area were dictated by topographic and plant community features that
created a relatively isolated area of high badger density. Fifteen of the badgers

" were radiotagged and known to be occupying or overlapping the area. During the
2-month tracking period there was no death or emigration of radiotagged badgers,
and radiotagged badgers outside the target area did not immigrate. One badger
emigrated near the end of the sampling period. During daylight and under suitable
weather conditions, the target was searched for badger snowtracks. A total of 24
tracks could be followed to a terminal hole, where the badger would be inactive in
an underground burrow. All telemetry frequencies were then scanned to determine
whether the badger was marked or unmarked. Radiotelemetry revealed that 11 of
the tracks were generated by marked badgers.

(a) Let N be the (unknown) total badger population size. Explain why the hypergeometric
distribution can be used to model this experiment. Identify the values of the parameters
M and K.

(b) For the values of the parameters given above, what is your best guess (estimate) of V.

(c) For the value of N from part (b), draw the hypergeometric distribution. How likely is the
observed value of z?

(d) For values of NV near that of part (b), evaluate the probability of the observed value of z.
~ What might you conclude about the population size?
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3 Advanced Statistical Inference 11

Homework 2: Review of probability language, asymptotic analysis and some concepts in statistics.

Due Date: Mareh=26th, 2017

@((root—ﬁnding algorithm) Let X, X5, X3 be independent observations from the Cauchy distri-

ey

bution about 8, f(z,8) = 7~1(1 + (z — 6)*)~. Suppose X; = 0, X5 = 1, X3 = a. Show that
for a sufficiently large the likelihood function has local maxima between 0 and 1 and 6 and a.
Deduce that depending on where bisection is started the sequence of iterates may converge to
one or the other of the local maxima.

@ @ (convex function) Consider a convex function f(z) where z € R.

Prare. (@) If f is continuous,theaf{e—t<Fx)+F {7y forattryeR.

(b) If f is continuously differentiable, f(y) > f(z) + f'(z)(y — z), forall 2,y € R.

(o) If f is twice differentiable, f”(z) > 0, forallz € R.

Definition of convex set:

A set C C R"is called convex set ,iffor all z,y € C,tx + (1 —t)y € Cfor0 <t < 1.
That means for every pairs of points in the convex set C, every point falls on the straight line
segment that joins the pair of points will also be in the set. A set that has such properties
is super powerful, because you can get to any point in the set from a given point through a
straight line without hitting ‘the boundary. Hitting the boundary often means you might get
stuck at a local minimum and never have the chance to find the global opnmal solution.
Definition of convex function:

A function f : RP — R is a convex function, if dom(f) is a convex set, and f(tzx+(1—t)y) <
tf(z) + (1 —t) f(y) for 0 < ¢t < t1. The inequalities say that the line segment between two
points on the function will always lies above the function. Function that has such property is
very powerful when you are trying to find the minimum value on the function. Because for
any randomly chosen two points, x, y, you can always find a point z that lies between x and y
such that f(z) = min(f(z), f(y)). So you will surely be able find the optimal value.

. (mle) An exponential distribution with parameter \ follows a distribution p(z) = ) exp(—Az).

Given some i.i.d. data 2y, --,z, from EX P()), derive the maximum likelihood estimate
)\mle-

(a) Is this estimator biased?
(b) Is it consistent?

(¢) Determine its asymptotic distribution.

(Non-closed Form Estimation) Given some data xi, zo, - - -, £3 which is a random sample
from Gamma(a, B), Use gradient descent to find the maximizer of the likelihood function
and derive the steps to calculate the MLE estimators (&mie, Bmic). Please refer to the followin g
webpage on gradient descent.

k/htps ://en wikipedia.org/wiki/Gradient_descent

" Let X have density function f(z|o) = (20)~!exp(—|z|/c). We have a random sample of

size n from f(-). Derive the estimate of o by the method of moments (denoted by &,,,,,,) and
maximum likelihood estimate (denoted by &,.). Derive their asymptotic distrubutions.

1



%./(discrete random variable) Suppose we take one observation, X from a discrete random vari-
able. X can take on five possible values on —2, —1, 0, 1, and 2 with probability (1 — 6)/4,
6/12,1/2, (3 — 6)/12, 0/4, respectively. Here, 0 < 0 < 1.

(a) Find an unbiased estimator of 6.

(b) Obtain the maximum likelihood estimator (MLE) and show that it is not unique. Is any
choice of MLE unbiased?

@{(order statistic) Let X1, -+, X, be a random sample from the uniform distribution on the
interval (6 — 1,6 + 1), where 6 € R is unknown. Let X ;) be the jth order statistic.

@ Show that (X (1) + X (n))/2is strongly consistent for 6, i.e., that hmn_,oo(X(fl—)-—ow =
Xtn))/2 = 6 almost ssurely. Yoo

(b) Show that X,, = (X(1) + - -+ + X(n))/n is L? consistent. _\T
8. (exponential distribution) Let X be a random variable having probability density
f(z|6) = h(z) exp [7(8)T(x) — A(8)], where 7 is an increasing and differentiable function of

€ © CR.
- 1L N .
(a) Show that log E@ —log £(6y) is increasing(or decreasing) in ¥, when 6 > 6 (or 6 < 6p).
*s Here £(6) = f(x|6), 8 is an MLE of & and 6, € ©.

Show that A(8) = log [(h(z) ex(m) cgl .
| N :)

%number of unknown parametrs is half of the sample size) Let X;;,¢ = 1,2,---,nand j =
1.2,-- -,k be independent with X;; ~ N (i, o%). Note that this is basically a balanced one-
way ANOVA design where we assume & is fixed and n — oco. So the sample sizes of the
groups are (probably) big, but the number of groups is bigger.

(a) Find the mle of u; and o2,
(b) Show that the MLE of ¢2, 62 that is not consistent.
‘g" (¢) Determine ¢ such that c5? is a consistent estimate of 0.

. Suppose X1, -+, X, are p-vectors uniformly distributed in the ball B, = {2 : |z]s < 7};
r > 0 is an unknown parameter. Find the MLE of 7 and its asymptotic distribution.

(qualitative information on unknown parameters) Suppose X1, - - -, Xy are independent,
with X1, -+, Xm ~ N(p1,02), Xma1, -+, Xmgn ~ N(ug, 02), where p1 < po and o are
unkpown. :

MFmdtheMLEof (11, o). (/Al ./@\J

(b) Derive its asymptotic dlstrlbutlon when 14 < /,1,2, Hy =

= = ()P0 Ve Alanes
1\3( (survival function) Suppose X 1y** id Exp(/\) ind LE of the expected residual
life E(X; —t|X; > t) and its asymptotlc distribution. ?\‘\ ) e

W el ) W
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Advanced Statistical Inference 11

Homework 4: Review of probability language, asymptotic analysis and some concepts in statistics.

1.

Due Date: April 7, 2017

Suppose we take one observation, X, from a discrete distribution. It takes on values —2, —1,
0, 1, 2 with probabilites (1 — 6)/4, /12, 1/2, (3 — 0)/12, 6/4, respectively. Her, 0 < 6 < 1.
Find an unbiased estimator of & and obtain the maximum likelihood estimator (MLE) of ¢ and
show that it is not unique. Is any choice of MLE unbiased?

Let Xy,---,X,bea randon} sample of binary random variables with P(X; = 1) = p, where
p € (0,1) is unknown. Let § be the MLE of 6 = p(1 — p).
(a) Show that 6 is asymptotically normal when p # 1/2.

(b) When p = 1/2, derive a nondegenerated asymptotic distribution of § with an appropriate
normalization.

. Let (X1,Y1)," -, (X,,Yy,) be independent and identically distributed random 2-vectors taking

values in the unit square [0, 1] x [0, 1], with joint CDF
F(z,y) = P(X; <z,Y1 <) =z-y-(zAy)
for0 <z <1,0 <y <1, where > 0 is unknown.

(a) Obtain the likelihood function for 6.
(b) Obtain the MLE 6, ((z1,41)," - -, (Zn, yn)) of 0.

(¢) Can you find the asymptotic distribution of 4,2 Hints: You can avoid the min by consid-
ering ¢ < y and x > y separately; It is a little easier to work with the min U := (X AY)
and maxV := (X AY). Note that F'(z,y) is twice differentiable (once w.r.t z, once
w.rt. y) where . # y but not on the diagonal where x =y - infact, P(X =Y) > 0,0
you may want to consider observations with X; # Y; and those with X; = Y; separately.
How can you find the p.d.f. for X when X =Y?

Let X be a random variable having probability density f(r|f) = exp{n(0)Y (x)— B(0) }h(r),
where 7 is an increasing and differentiable function of § € © C R._ Show that log £(8) —
log £(#,) is increasing (resp., decreasing) in Y, when 8 > 6, (xesp., § < 8,), where £(8) =
7(x|6), 6 is an MLE of 6, and §, € ©.

(Review MLE and asymptotic analysis) Let X1, ..., X, be i.i.d. random variables with com-
mon density function

6

fg(’r):(—l:—;)-b—,ﬁ, ’T>O,9>0

(a) Find the maximum likelihood estimator of 8, denoted as ér
(b) Find the asymptotic distribution of /n(6, — 6).

(¢) Find a function g such that, regardless the value of 8, \/ﬁ(g(én) — g(0)) — N(0,1) in
distribution.




6. Long (1990, 1997) gave data on the number of publications by 915 doctoral candidates in bio-
chemistry. The numbers of published papers during last three years of Ph.D. are 0,1, 2,3, - - -, 12,
16 and 19. The corresponding number of students from 275, 246, 178, 84, 67, 27, 17, 12, 1,
2, 1,1, 2,1, I. When the number of publications can be modelled as a Poisson random
variable with mean A, can you be certain that they come from Poisson based on the fact that
E(X)=Var(X) = A\

L/The double-exponential distribution has pdf f(z) = (\/2) exp(—Alz]), for fixed A > 0.

(a) Find the MGF M (t) of a double exponential. For which ¢ is it finite?

(b) Let U and V are independent and identically distributed random variables with exponen-
tial distribution with mean 1,and Ofind the MGF My (t) of Y = U — V. What is the
distribution of Y'? . ’

(¢) Find the mean and variance of a double exponential. If X 1, ", Xn are i.i.d. double
exponentials, find the MGF M,, (¢) of the standardized mean,

X - ElX)]

,/Var(X)/n-

(d) What is the limit of M,,(t) as n — co? What distribution has this function for its MGF?

W, =

_8. Let Xy, -+, X,, be IID normal random variables with mean y and variance 1. Here > 1.

(a) Find the MLE of 4 which is denoted by fimie-
(b) When the true 4 >\&,\ determine the distribution of V1 ftmie ~ 1) when n is large.
(¢) When the true ¢ = D, determine the distribution of V7(ftmie — p1) when n is large.

9. Let X1, X5 ~ Uni form(0, 8) where 8 > 0.

(a) Find the distribution of (X, X,) given T where T = max{ Xy, X,}.
(b) Show that X'| + X, is not sufficient.

10. Let X,, -+, X,, be a random sample from the density
f(z]0) = 6’1‘6‘11(0,1)(56).
The parameter space is © = (0, co).

(a) Verify that —log X; = Y has an exponential distribution.
(b) Find the Cramer Rao lower bound for unbiased estimators of 7(6) = 1/6.
(©) Show that — 7", log X, /n is an UMVUE of 1/¢.
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Advanced Statistical Inference 11
Homework 5: Hypothese Testing
Due Date: June 6th, 2017 (;/é

1. Let X4,..., X, be iid with probability density fs(z). Denote 6 as the MLE. Suppose we are
interested in estimating some function of 6.

(@) If n = g(0) and g is strictly increasing (or decreasing). Determine the MLE of n. (Justify
your answer.)

(b) Usually, the MLE of 7 is defined to be g(6). The reason is the following:
Let w, be the set of §-values for which g(f) = 7 and let

M(n) = sup L(9),

where L(9) is the likelihood function.

Then it claims that if  maximizes L(6), 7} maximizes M (7).

Justify the above claim. (If you are interested in this issue, read Zehna, Annals of
Math. Stat., 1966.)

2. A random sample of five values, 1,2, - - -, Ts, is taken from a population whose density
function i$ f(z|\) = x\? exp(—Az) where z > 0. , '

(a) Use the Neyman Pearson Lemma to construct a test of
Hy: A=2 against Hy: =1

such that o = 0.05 while it minimizes 30 + 8. Here o and 3 are the Type I and Type II
error probabilities respectively.

(b) Find the approximate power of the test in (a) and the approximate value of a for the test
in (b). (The approximations should be as accurate as the chisquared tables allow.)

(c) If the alternative hypothesis had been H; : A < 1 would the test be uniformly most
powerful?

3. A new drug is being proposed for the treatment of migraine headaches. Unfortunately some
users in early tests of the drug have reported mild nausea as a side effect. The FDA will reject
the drug if it thinks that more than 15% (i.e., 0.15) of the population would suffer from this
side effect. In an experiment to test this side effect, 400 people who suffer from migraine
headaches receive the new drug and 80 of them report nausea as a side effect.

(@) Define the parameter of interest, giving appropriate notation and writing a sentence saying
what it is.

(b) Carry out the five steps of a hypothesis test to determine if the FDA should reject the
drug. (In Step 1, you need to specify the null and alternative hypotheses: Use notation,
not words. In Step 2, compute the test statistic. (Show your work)

(¢) Find the p-value.

(d) Decide whether the result is statistically significant (i.e. make a conclusion about the
hypotheses); use o = 0.05.



(e) Report the conclusion in.context.

L .
’/l"he following data give the number of aying bomb hits recorded in each of 576 small areas of
'0.25km? in the south of London during World War II. The following Table gives the number

of flying bomb hits on London ‘ S RS
Number of hitsinanarea] 0 | 1 [2 [ 3 [4]5]=6] >V
Frequency 2291211 (93 (35|71} O 441,: ‘/@
Propaganda broadcasts claimed that the weapon could be aimed accurately. If, however, this

was not the case, the hits should be randomly distributed over the area and should therefore
be Otted by a Poisson distribution. Is this the case?

5. 1tis claimed that a new treatment is more effective than the standard treatment for prolonging
the lives of terminal cancer patients. The standard treatment has been in use for a long time,
and from records in medical journals the mean survival period has been 4.2 years with a
standard deviation of 1.1 years. The new treatment is administered to 80 patients, and their
average duration of survival is calculated to be 4.5 years. Is the claim supported by these
results? In your answer, you should include H, versus H,, p value, and your conclusion.

ls/ The manager at Costello Drug Store assumes the companys employees are honest. However,
there have been many shortages from the cash register lately. There is only one employee who
could have taken money from the register during these periods. Realizing that the shortages
might have resulted from the employee inadvertently giving incorrect change to customers,
the employer does not know whether to forget the situation or accuse the employee of theft.
In words, what are the null and alternative hypotheses? Explain your choices.

(a) What constitutes a Type I error in this problem?
(b) What is a Type II error? Which do you think is more serious? Explain.
\Y./Let X1, X2, - - be independent and identically distributed random variables with probability

density function
fo(x) = 6exp(—0z) forz > 0.

The distribution is exponential with unknown, but fixed, scale § > 0. Define, for 6 > 0, the

function ;
oo(x) = 7% forxz > 0,

and consider the Z-estimator én defined as a zerd of the function
1 n
B, (0) = Pugo = = >_ do(X:).
N

(a) Using properties of the function ®,,, show that 8, is well defined, i.¢. &, has exactly one
point where it takes the value zero.

(b) Show that ®,(6) cohverges in probability, for fixed 6 > 0.
(c) Prove that 9n converges to § in probability.

(d) The random variables V(9 — 6) are asymptotically normally distributed. What param-
eters do you expect for this asymptotic normal distribution?



(e) Derive the maximum likelihood estimator for §. How does it relate to 9,,? Based on this
and (d), give the Fisher information Jp.

\BAet X1,..., X, be iid. from the Poisson distribution P(#) with an unknown 6 > 0. Find the
bias and mean squared error of T, = (1 — a/n)™X as an estimator of exp(—a@), where.a # 0
is a known constant.

/ Let Xy, ---, X, be a sample from the normal distribution with mean ¢ and variange 6.

(@) Find a variance stabilizing transformation for the sample mean and construct a confidence
interval for based on this.

() Find the limit distribution of the sequence /n(cos(X,) — cos(6)). For which values of
--Pis this distribution degenerate? Q

10. Let © = {—1, 0, 1}. Let fo be the pdf of a N(6, 1) rahdom variable. Consider the null
hypothesis & = 0 and the alternate hypothesis § € {1,}}. Suppose we have -one sample
1 X ~ N(6,1) and we wish to test Hy against H,. Show that there is no uniformly most

powerful test at level a € (0, 1).

l\l/Let © = {0,1,2}. Let f, be the pdf of a N (6, 1) random variable. Consider the null hypothe-
sis 6 = 0 and the alternate hypothesis § € {1,2}. Suppose we have one sample X ~ N(6,1)
and we wish to test Hy against H,. Show that there is a uniformly most powerful test at level
a € (0,1).

\/ Let X be a random variable having probability density f(z]0) = exp{n(0)Y (z) — £(6)}h(z),
where 7 is an increasing and differentiable function of 6 € © C R.

Mhow that log Z(% —log/ (o) is increasing(or decreasing) in Y, when 0> 6y (or é\< 6o),
where £(6) = f(z|6), 6 is an MLE of 6, and 6, € ©.

@ (2@% For testing Ho : 6; < 0 < 6, versus Hy : § < 6010 > 6, or for testing Hp : 0 = 6
~"" versus H; : § # 6, show that there is a likelihood ratio test whose rejection region is ;
equivalent to Y (X) < ¢; or Y (z) > c, for some constants ¢; and c3. @ mh 1‘#‘) W&

x\%Let F and G be two known cumulative distribution functions(CDFs) on R and X be a single ﬁ)& 2=t }z§<
@ @~ observation from the CDF 0F(z) + (1 — 6)G(z), where 0 € [0, 1] is unknown.

(a) Find a UMP test of size o for testing Hy : 8 < 6y versus Hy : @ > 6y, where 6 € [0,1] is
known. '

() Show that the test T'(X) = o is a UMP test of size o for testing Hy : 0 < 6, or 6 > 6,
versus Hy : 6; < 6 < 0y, where 6; € [0, 1] is known, j = 1,2, and 6; < 0,.

(¢) Derive the likelihood ratio# A(X) for Ho : 6 < 6y 0r6 > 6,.

(\ F G’,u J@({Q(hf.euz.

RS ©y
ey ARAL AT N



IQ.JA family of probability density functions f(z|0) on R, indexed by § € © C R, is said to
have a monotone likelihood ratio (MLR) if, for each 6y # 6, the ratio f(z|61)/f(xz|6o) is
monotonic in z. Assume that 52 log f(z|0)/800z exists.

(@) Show that a family of density functions { f(z|0) : 6 € © C R} has MLR in z is equivalent
@ to one of the following conditions:
(1) &% log f(x|6)/868x = 0 for all z and 6;
() f(x|0) [9%FR) (x|6)/000z] > (Bf (z|0)/86)(8F(x|0)/dz) for all z and 6.
() Let Z ~ N(v/B, 1), hen Z2 has the non-central chi-square distribution x2(6). Show that
{x2(6)} has MLR in Sk

M family of probability distributions on R, indexed by § € © C R, is called stochastically
increasing if their CDFs { F'(z|6), 6 € ©} satisfy the following statement

When 6; < 6, we have F(z|0,) > F(z|6;) forallz € R.

(Intuitively this says that larger values of the parameter 6 are associated with larger values of
the random variable X).

(a) Show that if a family of pdfs {f(x|f) : 6 € ©} has an MLR, then the corresponding
family of CDFs is stochastically increasing in 6. ‘

(b) Show that the converse of part (a) is false.
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