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Advanced Statistical Inference II
Homework 1: Review of probability language and some concepts in statistics.

pjej_aje:ygrcb3t9,39{

1. (Review operation ofrandom variables) I-et X and Y be independent Poisson random vari-

ables with mean p and .\ respectively. Find the distribution of X * Y and conditional distri-

bution of X given that X +Y : n.

2. (Review change ofvariable and integration) I.et X and Y be independent exponential random

variables with rate a. Find the densities of the random variables X3 , lX -Y l, and min(X, Y3).

3. (Review college level probability and statistics) In R2 let the two coordinate axes be denoted

- by the r-axis and the gr-axis. An isoceles triangle is formed by a unit vector in the (positive)

zdirection and another unit vector in a random direction. Find the distribution of the length

of the third side.

4. (Key fact) I,et F be a cumulative distribution function which is continuous and strictly in-

creasing. Let X - U10,1] and define y : p-r(/). Compute the distribution function of
Y.

({ lorOer statistics) l-et Xi, L < i < 3 be trD Ut0, 1] and let the conesponding order statistics
'beXp\l-etUr: Xglf XplandU2: Xplf Xg1. Show thatUrandU2 areindependent.

Your can refer to the note at

ltap : / /www. math . ntu . edu . twl -hchen/teaching/LargeSampIe /note s / noteorde r . p<

(Order statistics) It is assumed that the lifetimes of electric bulbs have an exponential distri-
bution with an unknown expectation a-1. To estimate a, a sample of n bulbs is taken but one

only observes the lifetimes of these bulbs Xlry < Xe)

rr n-r 1 r
u :;x(") +; Ln=r*ru.

Show that E(U) : a-r and Vw(U) : a-21r.

I*t Xy and Xz be independent and identically distributed. Show that

P(lx' - Xd > 
') 

< 2P(lxl> tlz)'

& (Review MLE and asymptotic analysis) l,-et X1,. . . , Xn be i.i.d. random variables with com-

mon density function

fe(r) :'?;,+adtt, r )0,0 > 0'
(1 + a;o+''

(a) Find the maximum likelihood estimator of g, denote d as 6,.

(b) Find the asymptotic distributi on ot ,fi@^ - Q.
(c) Find a tuncrion 9 such rhar, regardless the value of 0, tfr@(A) - g(A)) -+ ,n/(0,1) in

distribution.
ir,i

\^.Yr$i ^'eTtl).- ,, \t..-G I

x--,r\o-, F,= #br'- K={i1"a
{ rt" rpr i\*" i lr"r

a. , rl \ L+

(Xt, V) w fUr';r\)rY Wt/'t7t''r

7.
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9. (Law of large numbers and importance sampling) The following algorithm has been proposed

to find P(Z > 5) : t - O(5) where Z is a standard normal random variable.

Step 1. Sample frr,fi2,...,r* from N(5,1).

steP2'calculate 
^ 1L rh(ra)
frrs: 

^P_I(rr>q#d
where d(.) is the density function of Z.

(a) Is rtrs an unbiased estimator of l" - O(5)? Justify your answer.

O) Determine the variance of Frs.
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P(Y :il : & 2A,4, u :0,r,2,"'

where

ZQ',v): i i:'' fr (i,t)"'

(a) Place this distribution in an exponential family form with respect to both parameters, and

identify all the relevant components.

O) Determine v such that the Conway-Maxwell-Poisson distribution is reduced to the Pois-
son distribution.

(c) Explain why this distribution can be used to model overdispersion for count data.

To have a better understanding on the term overdispersion, please refer to

http : / / data. princeton . edu,/wws 5 0 9 /notes / c4a . pdf

Z\fong(1990, 1997)gavedataonthenumberofpublicationsbygl5doctoralcandidatesinbio-
chemistry. The numbers of published papers during last ttrree years of Ph.D. are 0,I,2,3,. . ' ,L2,
16 and 19. The corresponding number of students from 275, 246, I78, 84, 67,27, 17, L2, I,
2, I, I, 2, I, L When the number of publications can be modelled as a Poisson random
variable with mean .\, can you be certain that they come from Poisson based on the fact that
E(X):Var(X):A.

\2'l The double-exponential distribution has pdf f (r) : (,\/2) exp(-.\lrl, for fixed ) i 0.

′    (a)Find the MGF″χ(ι)Of a dOuble exponential.For whch tisit n」
“
?

_.1`   ⑭)Lct y and y arc independent and identically distributed random vanables with exponen―

“ャ _  罵 器 I∬撃 り
油 Inean lβnd Onnd the MGF賄 o ofy=υ ― y,Wh試 ヽ ぬe
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(c) Findthemeanandvarianceof adoubleexponential. If Xr,.",Xn arei.i,d. double

exponentials, find the MGF M"(t) of the standardized mean,

ぶ茸∵主露割I憮淵ll‖1胤Wi官i首T
o)Find the MLE of μ which is derЮ ted byルπJc.

t」budon of y万 (μれた一μ)When η is large.

:五bution of ν馬(βttc― μ)When η is large.

)nential dist五 bution with paralneter λ.(A random

variable r is exponentially dst五 buted with parameter λ if i“ densiw is」 Ven by∫ (ι)=
λ eXp(―入ι)Witt Suppo■ T>0.)Deine X=υ  tt y and y=υ ア.

o)De五 ve thejoint density of(X,y).

o)Find the best hnear predictor of y given χ.

(c)Find the best predictor of y given χ.

15t Suppose that χ and y have ajoint pdfgiven by

tx,y(″ ,ν)=={ : :話i:(1<1

(a)Find Elylχ =″d・

0)P10tthe cEF(condidOnd expectation inc饉。n)Elylχ =″]・ Can yOu explJn heu五 sd―

cally why the fbnction has this particular fbllll?

“

)Find E[yX3+11χ =″d・

(d)Find y(ylX=″ o).Does its dependence on″。make sense to you?

lGジ The Weibull cumulative dist五 bution functiOn is

Ю=卜e+01,″≧Qα >Qβ >α
(a)Find thё density function.

0)ShOW thttif W follows a Weibull distribudon,then χ=(レィ/α )β f0110ws an exponential
dist五bution.

“

)HOW COuld Weibull random va五 ables be generated from a unifoll.lrandom number gen―

erator?

Q/m濡ぷ
C̈の山…0

直on of(χ l,X2)given T Where T=max{χ l,χ 2)・
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0)ShOW that χl十 χ2iS rЮt sumcient.

1,.Let Xl,…・,χれ～υηを∫οrπ (_θ ,2θ)where θ>o.Find the likelihood funcdon.

19. Consider four obseⅣ ations-1,0,0.5,and 3 and evaluation at″ =0,″ =0.5,and″ = 1.
・
‐ Using a bandwidtt of l,deterlmne Gaussian kemel density estimate at χ=0,″ =0.5,and
″==1.Note that the resulting estimate at″ ==O should be O.249.

20.You are given a kernel κ
(・)WhCh Satisnes κ(Z)≧ 0,∫κ(υ)れ =1,∫υκO)山 =0,

∫z2κし)α%=σ%<∞ .You are alsO given a bandwidthん >0,and a collecdon of η
univa五 atc obseⅣ ations″ 1,″ 2,・ …,″η. Assumc that he data are independent samples from

some unknown densityノ .

(a)Give the follllula for九,the kemel density estimatc corresponding to these data9面 s

bandwidth,and this kernel.

o)Find the expectation of a random variable whose density is∫ ,in te11.ls of thC Sample
moments,ん,and the properties of the kcrnel functiOn.

(c)Find thc va五 ance of a random vadablc whose density isん ,in telllls of the Sample mo―
ments,ん,and the properties ofん the kcmel functiOn.

(d)HOW mustん change as η gЮws tO ensllre that the expectation and variance of tt Will
convcrge on the expectation and va五 ance of∫ ?

Ur*t Xt,' . ' , Xnbe a random sample from the density

f @14: oro-11@,r)(r)-

The parameter space is O : (0, oo).

(a) Verify that - Iog X1 : Y has an exponential distribution.

(b) Find the Cramer Rao lower bound for unbiased estimators of r(0) : Ll0.
(c) Show that - lir\ogXif n is an UMVUE ot 1,10.

22. L-et Xr,. . . , Xnbe iid U[0, d], and suppose that we want to estimate d.

(a) Show that X61: rrraXl<2<2 X; is sufficient for d.

(b) Let A : 2Xy show that 6 is an unbiased estimator for d.

(c) Find n(6lx6y) and show that it is a UNVUE of g

23. Suppose Xr,. . . , Xn are iid Poisson(,\), and let d : exp(-)) which is P(Xt : 6;.

(a) Show that 7 : DLrXa is sufficient for d.

(b) Consider an estimator 6 : Lxr=0. Show that 0 is an unbiased estimator of 0.

(c) Show that E(AV - t) : (t - tln\D,x'.

z4rI-ntX: (Xr, ...,Xn) beasamplefromanexponentialdistributionwithindividualdensities

f(r;o):i"*o(j) , r)0,
whered>0isunknown.
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(a)ShOW that∂ ==χ12/2 is an unbiased estimator of g(θ )=(互う
⑩ )ShOW ttatt(X)=Σ 胆 1為 iS Sumcient for θ.

C)Rao―Blackwellize θ to nnd an improved unbiased esdmator of g(θ )whiCh iS denoted by
θυ;

Hint You may use without proofthat the dist五 bution ofび =X1/(Σ 稚 1´為 )f0110WS a
Beta― dist五budon β(1,η -1),Where β(α ,β)iS the dist五 bution with density

んらの=F:寺事

`等

芦準→観 Oαく上

c)Find the MLE of θ2 and denote it by θ翻..cOmpare the mean square error of the two
estimates.

25。 Suppose χ ～ Ⅳ (0,σ
2).Note that ale dendty function of χ can be pararnet五 zed by a single

paralneter σ and

ズわ=島 eXpl募
)ズ
″∈0・

0)SpeCify η(σ ),T(″ ),ψ (σ)=10g σ,ん (■)=(1/、わπ)f("∈ R)tO represent the dendty in
the form

バ″lσ)=exp(η (σ )T(″)一 ψ(σ ))ん (″),

for anソ σcR+.

0)Suppose that we have an iid sample Xl,χ 2,・ …,Xπ ～Ⅳ(0,σ
2).Then Write the joint

density of Xl,X2,…・,χれin the same general follll

∫(″1,"2,・ …,″nlσ)=eXp(η (σ )T(″ 1,″ 2,・ …,″n)一 ψ(σ))ん (″ 1,″ 2,・ …,″π).

Showぬat the sufncient statisuc is Σ縫lχ′.

海)USing the facttha the sum Of squaЮ s ofη independent standard normal va五 ables is a cH｀
  square variable with n degrees offreedom,we have that血 3 dendty ofT(Xl,χ 2,・ …,χれ)
lS

側 の=   坤 >け

Pleaseidendfy nSo,ψ (σ)andん (ι )・

つη
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Advanced Statistical Inference II
Homework 2: Review of probability language, asymptotic analysis and some concepts in statistics.

W
V S.rppor" X is a Binomi,al(n, p) random variable, 0 < p < 1.

(a) Find the mle forp(r - p).

(b) Show that the m1e is not unbiased for p(l - p).

(c) Construct an unbiased estimatof for p(1 - p) using this mle given in (a).

ficomplete) Suppose X is a Binomi,al(2, p) random variable where p can take only two values

' t/Z and | /4. Show that this family is not complete by constructing a non-zero function 9(X)
whose expectation is zero for both p : I 12 and 1l 4.

V (order statistic) I-et Xt, Xz, Xsbe a random sample of size three from the uniform distribution
U(0,0), where 0 > 0 is an unknown parameter. Let X6y,Xp1,X1a; be the corresponding
order statistics.

(a) Find the marginal pdf X11y and show that Xg1l0 is distributed as Beta(L,3).

O) Compute ElX6l.Construct an unbiased estimator for d using X1ry.

(c) Show that X6ylXlry is independent of X1sy.

K->'r(V (order restricted inference) Let X be a single observation from the .A/(8, 1) distribution, e > 0.

灯 抵‖鷲‖‖五融l驚鰍罵∬温
・
a θ。(Be Sure to considerthe param―

eter space.)

7 
O) show that n(fi I e.

5. (Review change of variable and integration) Let X and Y be independent exponential random
yariables with rate a. Find the densities of the random variables X3 , lX -Y l, and min(X, )'3) .

輻 淵鳳蹴躙 燎鮮I鴛認糧盤
hh“ an ex"“面J distri―
、mple of η bulbsis taken but one

only observes the lifetimes of these bulbs Xlry < Xe)

u :n j' x(") +: i ",r.r " 17:

Show that E(U) : a-r and Var(U) : a-21r.

7. (Review MLE and asymptotic analysis) l-et X1, . . . , Xn be i.i.d. random variables with com-

mon density function
e

fe(r):ffibT, rt0,0>0.
(r + u,)"-'

(a) Find the maximum likelihood estimator of 0, denote d as 4..

(b) Find the asymptotic distributionot .1fn@^ - 0).



(c) Find a function 9 such that, regardless the value of 0, ,frkt(O,,) - g@)) -+ ,N(0,1) in
distribution.

item (Law of large numbers and importance sampling) Ttre following algorithm has been
proposed to find P(Z > 5) : t - O(5) where Z is a standard normal random variable.

Step L. Sample frr,fr2,...,r^ from.n/(5,1).

step2'calculate 
o , n srrr.)
firs:;t I(*o> 5)#_

m fi- \*z - -/ 
Q@.t _ S)

where d(.) is the density function of Z.

(a) Is Frs an unbiased estimator of 1 - O(5)? Justify your answer.

(b) Determine the variance of frs.,/
V (Truncated random variables) I-et X be a continuous random variable with pdf /(r) and cdf

,F'(r). For a fixed number ro, define the function

( tt

o(r\ : l f@llL- F(ro)l ir r l ror\*/ l0 if r<xs

Prove that g(r) is a pdf. (Assume that F(ro) < 1.) Derive, via integration, the CDF (cumu-

ぶ恵‖講Try‖■T‖Itadable and let θ be an increasing
non-negative function defined on [0, oo). Suppose that E(g(X)) is finite. Prove that, for any
e)0,

P(x>e)<E(s(x))ls@.

f 
p, (constrainedoptimization) I*t Xbeasingleobservationfromthe N(0,I) distribution,0 > 0.

, l\ 
r Notice that the unknown mean is assumed to be positive.

(+).t t'/(a) Obtainthemaximumlikelihoodestimator(MLE) of 0,4. (Besuretoconsidertheparam-
eter spac('.)

O) Show that E@) + 0.

11. It has been determined that the total food consumption for a particular ant species in a region
'.--,is a random variable. ? which, given the number of colonies ly', has Normal(Np,No2)

distribution. Suppose N - Poisson(.\). Suppose iid data (71,16), (T",Nz),... can be
observed according to the above and let f and .& be ttre conesponding means for samples of
size n. Show that tn@ - 

^p) 
ana ff(T - 

^p) 
each converge in distribution, as n -> oo,

and describe the limits.

12. (Sample selection bias) Assume that € and v are random variables jointly normally distributed
,A/(0,0,!,I,p),where0<p<L.AssumethatawageofferWarearandomlinearfunction
of schooling S: /t\ _ f /0\ /{ t\\

( ; \- t"t\ 0/4 p\ )W :oS+e.
\-'J \\-/ \ r /



13.

Assume that wage offers are accepted (and therefore observed) only if the worker decides to
enter the workplace. z is a measure of propensity to work, and a worker enters the workplace
only if u ) 0. Derive an expression for the expected wage for the working population. Do
not solve any complicated integrals.

Suppose U and V are independent with exponential distribution with parameter ). (A random
variable ? is exponentially distributed with parameter ) if its density is given by /(t) :
)exp(-)t) withsupportT > 0.) Define X : U * I/ andY : UV.

(a) Derive the joint density of (X,Y).
(b) Find the best linear predictor of Y given X.
(c) Find the best predictor of Y given X.

Adapted fromA Sirnple Population Estimate Based on Simul.ationfor Capture-Recapture and
Capture-Resight Data by Minta and Mangel, Ecology 1989.

In the fall of 1984, North American badgers (Taxidea taxus) were snowtracked in
aL5 km2 area on the National Elk Refuge, Jackson, Wyoming. The size and shape

of the target area were dictated by topographic and plant community features that
created a relatively isolated area of high badger density. Fifteen of the badgers
were radiotagged and known to be occupying or overlapping the area. During the
2-month tracking period there was no death or emigration of radiotagged badgers,

and radiotagged badgers outside the target area did not immigrate. One badger

emigrated near the end of the sampling period. During daylight and under suitable
weather conditions, the target was searched for badger snowtracks. A total of 24

tracks could be followed to a terminal hole, where the badger would be inactive in
an underground burrow. All telemetry frequencies were then scanned to determine
whether the badger was marked or uwnarked. Radiotelemetry revealed that 11 of
the tracks were generated by marked badgers.

(a) Let l/ be the (unknown) total badger population size. Explain why the hypergeometric
distribution can be used to model this experiment. Identify the values of the parameters

M and K,
(b) For the values of the parameters given above, what is your best guess (estimate) of N.

(c) For the value of .A/ from part (b), draw the hypergeometric distribution. How likely is the

observed value of r?
(d) For values of ly' near that of part (b), evaluate the probability of the observed value of r.

What might you conclude about the population size?

14.
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Homework2; Review of probability language, asymptotic analysis and some concepts in statistics.

^z/ 
Due Date: S@ffih 2017

([ (root-nnding algorithm) lrt Xt, Xz,& be independent observations from the Cauchy distri-
-r-. L.. bution about d, f(r, 0) : zr-l(1 + (r - 0)21-r. Suppose Xr : 0, Xz : !, Xs : a. Show that
rF ? \ \ for a sufficiently large the likelihood function has local maxima between 0 and 1 and d and o.

Deduce that depending on where bisection is started the sequence of iterates may converge to
one or the other of the local maxima.

逗)∈)(COnvex inc■ on)COndder a convex funcdonバχ)Where″∈R.
p6y, (a) If/iscontinuous, .

(b) If /iscontinuouslydifferenriable, f (il > f@) + f'(*)(a -r), for a|r,y € R.
(c) If / is twice differentiable, f " (r) ) 0, for all r e R.

Deflnition of convex set:
A set C c R is calledconvex set,iffor all r,y e C,tn+ (1 - t)y e C for0 < t < L

That means for every pairs of points in the convex set C, every point falls on the straight line
segment that joins the pair of points will also be in the set. A set that has such properties
is super powerful, because you can get to any point in the set from a given point through a
straight line without hitting'the boundary. Hitting the boundary often means you might get
stuck at a local minimum and never have the chance to find the global optimal solution.

l?H"xxlT:HJi XT:l"":"""x tuncrion, jt d,om(f)is a convex ,",, *o f (tr +(1 - r)s) <
tf(r)+(t-t)f(il for0 ( tt<fl. Theinequalitiessaythatthelinesegmentbetweenrwo
points on the function will always lies above the function. Function that has such property is
very powerful when you are trying to find the minimum value on the function. Because for
any randomly chosen two points, r,A, yov can always find a point z that lies between r and y

,suchthat 
f (z): min(,f (r), f (il).So you will surely be able find the optimal value.

V. (mte) An exponential distribution with parameter ) follows a distributi onp(r): ) exp(-Ar).
Given some i.i.d. data 11,...rrn from EXP(,\), derive the maximum likelihood estimate
i*t".

Is this estimator biased?

Is it consistent?

(電) 判 。II:|:11lltSasympptiCdist五
butio■

)111l Esdmation)Given some data″ 1,χ 2,・ …,″3 WhiCh is a random sample
from Gamma(a, 0), IJse gradient descent to find the maximi zer of the likelihood function
and derive the steps to calculate the MLE estimators (d,a., B**).Please refer to the following
webpage on gradient descent.

hltps : / / en. wikiped ia. org / wikilGradient_descent
t,/
V I-et X have density function f (rlo) : (2o)-l exp(-lrl/o). we have a random sample of

size n from /(.). Derive the estimate of o by the method of moments (denoted by 6^ ) and
maximum likelihood estimate (denoted by 0*t). Derive their asymptotic distrubutions.
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V (disctete random variable) Suppose we take one observation, X from a discrete random vari-
able. X can take on five possible values on -2, -1, 0, L, and 2 with probability (L - 0)14,

0l12,Ll2, (3 - 0)ll2,0f 4,respectively. Here,0 < A < 1.

(a) Find an unbiased estimator of 0.

O) Obtain the maximum likelihood estimator (MLE) and show that it is not unique. Is any

choice of MLE unbiased?

ffi\@ (order statistic) lret X1,...,Xn be a random sample from the uniform distribution on the
r+lz

interval @ - I,0 +t), where 0 e Risunknown.I-nt Xll bethe jthorderstatistic.

(6 Sno* that (X(1) + X(n))lzis strongly consistent for 0, i.e., that lim,,-'-(X{+f--'-+
;<\n)) /Z: d almost ssurely. r,1 -- \ ,r.

O) Show that Xn: (Xtrl + . .. + X6)ln is 1,2 consistent.

8. (exponential distribution) Lrt X be a random variable having probability density

f @le) : h(r) exp [a(d)?(r) - A(0)], where 4 is an increasing and differentiable tunction of
0e@cR.

IIn-l\
' (a) Show that logl(0) -IoF(.@s) is increasing(or decreasing) in X, when 0 > 0o (or d < 0o).

'1 Here q0) : f ("10), d is an MLE of 0 and 0o € O.

hu/ Stro* that A(0) : Ioe I(h(rl exp@(z))4q.
. / \'h\e )

/ (number of unknown parametrs is half of thd sdmple size) Let Xoj,'i : I,2, "' ,n and j :
I,2,. . . , k be independent with Xq N (po, o2). Note that this is basically a balanced one-

way ANOVA design where we assume k is fixed and n -> oo, So the sample sizes of the

groups are (probably) big, but the number of groups is bigger.

(a) Find the mle of p.i and o2.

(b) Show that the MLE of 02, A2 that is not consistent.

i (c) Determine c such that c62 is a consistent estimate of o2.

M, Suppose Xr, . . ' , Xn are p-vectors uniformly distributed in the ball B, : {r : lrll2 < r}:
r > 0 is an unknown parameter. Find the MLE of q and its asymptotic distribution.

(qualitative information on unknown parameters) Suppose Xr,. . . , X*+n are independent,

with Xr, "''X* - N(ltr,o2), X*+r,"',X^+n - N(ltr,a2), where h 1 Ltz and o2 are

unknown.

p{ nino the MLE of (trr, ttz). (A A)

マ′思鳥〔淵嚇s:摯騨縣鰈瓶鰍 L。帥∝狸∝ted resi伽」
¨ 那 r tl anditW岬

I山
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Advanced Statistical Inference II
Homework 4: Review of probability language, asymptotic analysis and some concepts in statistics.

Due Date: APnl?,2017

1. Suppose we take one observation, X, fiom a discrete distribution. It takes on values -2, -I,
0, t, 2with probabilites (1 - 0) I 4, 0 f 12, 7 12, (3 - 0) 112, 0 f 4, tespectively. Her, 0 < 0 < l-
Find an unbiased estimator of d and obtain the maximum likelihood estimator (MLE) of 0 and

show that it is not unique' Is any choice of MLE unbiased?

2. Let Xr,. . . 
, Xn,be a random sample of binary random variables with P(X1 - 1) : p, where

p € (0, 1) is unknown. lrt I be the MLE of 0 : p(L - p)'

(a) Show that d is asymptotically norrnal when p + | 12'

(b) When p : ll2,derive a nondegenerateil asymptotic distribution of g with an appropriate

normalization-

3. Let (Xr,\,r), . . . , (Xn,l,,) be independent and identically distributed random 2-vectors taking

values in the unit square [0, 1] x [0, 1], with joint CDF

F(r,a) : P(Xr < r,Yr < a) : r'g'(r ng)e

for0 S r I I,0 < g ( 1, where 0 > }isunknown'

(a) Obtain the likelihood function for d.

(b) Obtain theMLE A,((rt,ut),"',(*n,y")) of 0'

(c) Can you find the asymptotic distribution of 0,,? Hirrts, You can avoid the min by consid-

ering r I g and r Z A separately; It is a little easier to work with the min U :: (X n )')
andrna,xV::(XAy).NotethatF(',ilistwicedifferentiable(oncew'r'tu'once
w.r.t. y) where ,L + ,y but not on the diagonal where ,l' : ,9 - in fact, P(X : Y) > 0, so

you may want to consider observations with Xt * Yi and those with X; : Y; separately'

How can you find the p.d'f' for X when X : Y?

4. LetXbearandomvariabtehavingprobabilitydensity f ("lo): exp{a(9)Y(")-B(0)}h(r),
where 17 is zur increasing and differentiable iunction of 0 e @ t R'^Sho: that log ((0) -
logl(d.)^is increasing (resp., decreasing) in Y, when a > 0n (resp., a . 0,;1, where [(0) :

f (rl0), A is an MLE of d, and 0o € O'

5. (Review MLE and asymptotic analysis) Let X1, . . ' , Xn be i'i'd' random variables with com-

mon densitY function 
0

fn(*): o;Co-., r)o,o>0.

Find thc lnaxilnum likClihood estimator of θ,dCnotcd aS 
θπ.

Find the as,mptOtic aist●bution of v範 (9η
~θ

)・

Find a ftlncti6n g Such“ at,Кgttdless the valuC Of^ν
π(ク (θっ)丁 ク(θ ))→ Ar(0,1)in

distributlon.

０

０

０



6. Long (1990, 1997) gave data on the number of publications by g15 doctoral candidates in bio-
chemistry. Thenumbersof publishedpapersduringlastthreeyearsof Ph.D. are 0,7,2,J,.. . ,72,
16 and 19. The corresponding number of stuclents from 275,246, IT8,84,67,27, 17, 12, I,
2' L, I' 2, I, 7. When the number of publications can be modelled as a Poisson random
variable with mean ), can you be certain that they come fiom Poisson based on the fact thatE(X):Var(X): A.

M,The double-exponential distribution has pdf f (*) : ()/2) exp(-)lrl), for fixed 
^ 

> 0.

(a) Find the MGF Mx\t) of a double exponenrial. For which I is it finite?
(b) Let [/ and 7 are independent and identically distributed random variables with exponen-

tial distribution with mean 1,and Ofind the ILGF My(t) of y - u - z. what is the
distribution of y?

(c) Find the mean and variance of a double exponential. If Xr, ...,Xn are i.i.d. double
exponentials, find the MGF M,,(t) of the standardized mean,

Nヽ =1チ
:i:デ:;:阜り;

(d)Wlatis tlle limit OfA4(ォ )aS 7ι → ∞?What dist五 butiOn has this functtOn forits MGF?

8.Lct Xl,―・,χη be ⅡD normalrahdOm variables witll mcm μ and vttiancc l.Herc μ≧ 1.

8Ⅷ 上 蝋 ソζ嶺 lrili∬ limion」 atte_の whn ttattQ
(C)When the true μ=じldeterminethedist五 bution Of ν/π (ルηιe― μ)when γt is large.

9.

10.

Lct Xl,X2製 σηげOrm(o,θ)whcrc θ>0.

(a)Find the distnbulon Of(xl,X2)given T where T=m欲
{xl,為 }.

(b)Show that Xl+」 Υ2iS nOt sufflcient.   _

Let Xl,・ …二κれbe a rand9m sample from the density

ノ(″ lθ)=θ″
θ~11。

,1)(″ ).

The ptta,eter spacc is O=(o,∞
).

(a)Verify that-10g χl=y has an exponential distribution.

8蝋犠F里鷺蹴岬t器]常
dmm∬」くの=Va
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"]t-f: Advanced Statistical Inference II
Homework 5: Hypothese Testing

Due Date: June 6th, 2017 V6

1. I€t Xt, . . . , Xnbe iid with probability density fe(r).Denote d as the MLE. Suppose we are

interested in estimating some function of d.

(a) If ri: g(0) andgisstrictlyincreasing(ordecreasing). DeterminetheMLEof ti. (Justify
your answer.)

.o'u#ll:s"#?1:17-T"ffi,Ti.?ffi 
fl fl;rT;:nts'lhefo'owing:

M(d : 
i!l^L(o),

where L(0) is the likelihood function.
Then it claims that if d maximizes L(0),f maximizes M(d.
Justify the above claim. (If you are interested in this issue, read 7,ehna, Annals of
Math. Stat., 1966.)

2. A random sample of five values, frrtt2t... tfis, is taken from a population whose density

tunction is /(rl,\) : r\2 exp(-lr) where o > 0.

(a) Use the Neyman Pearson kmma to construct a test of

Hs: A:2 against f/1 : ,\ : 1

such that a : 0.05 while it minimizes 3a + 0. Here o and B are the Type I and Type II
error probabilities respectively.

(b) Find the approximate power of the test in (a) and the approximate value of a for the test

in (b). (The approximations should be as accurate as the chisquared tables allow.)

(c) If the alternative hypothesis had been 111 : .\ ( L would the test be uniformly most

powerful?

3. A new drug is being proposed for the treatment of migraine headaches. Unforrunately some

users in early tests of the drug have reported mild nausea as a side effect. The FDA will reject

the drug if it thinks that more than LSTo (i.e., 0.15) of the population would suffer from this
side effect. In an experiment to test this side effect, 400 people who suffer from migraine

headaches receive the new drug and 80 of them report nausea as a side effect.

(a) Define *re parameter of interest, giving appropriate notation and writing a sentence saying

what it is.

(b) Carry out the five steps of a hypothesis test to determine if the FDA should reject the

drug. (In Step 1, you need to specify the null and alternative hypotheses: Use notation,

not words. In Step 2, compute the test statistic. (Show your work)

(c) Find the p-value.

(d) Decide whether the result is statistically significant (i.e. make a conclusion about the

hypotheses);use a : 0.05.



Number of hits in an area

(e) Report the conclusion in,context.
/s

VThe following data give the number of aying bomb hits recorded in each of 576 small areas of
0.25んπ2hぬe SOuth of Lodon山」鴨 Wodd War Ⅱ.■cお■owilglT;研VeS■

り1=Perof nving bomb hits on London
り
'じ

へ こ̀ヽ.つ

国  サ|,1:3
aimed accurately.It hoWevett thisweapon

was not the case, the hits should be randomly distributed over the area and should therefore
be Otted by a Poisson distribution. Is this the case?

5. It is claimed that a new treatment is rnore effective than the standard treatment for prolonging
the lives of terminal cancer patients. The standard treatment has been in use for a long time,
and from records in medical journals the mean survival period has been 4.2 years with a

standard deviation of 1,.1, years. The new treatment is administered to 80 patients, and their
average duration of survival is calculated to be 4.5 years. Is the claim supported by these

results? In your answer, you should include fls versus Ho, p value, and your conclusion.

V The manager at Costello Drug Store as$umes the companys employees are honest. However,

there have been many shortages from the cash register lately. There is only one employee who
could have taken money from the register during these periods. Realizing that the shortages
might have resulted from the employee inadvertently giving incorrect change to customers,
the employer does not know whether to forget the situation or accuse the employee of theft.
In words, what are the null and alternative hypotheses? Explain your choices.

(a) What constitutes a Type I error in this problem?

O) What is a Type fI error? Which do you think is more serious? Explain.
.l
Y. l*t Xr, Xz,. . . be independent and identically distributed random variables with probability

density function
fe(") : 0 exP(-?t) forr > 0.

The distribution is exponential with unknown, but fixed, scale e > 0. Define, for 0 > 0, the
function 

lfue(r):i-r forr>0,

and consider the Z-estim ator lndefined as a zero of the function

a^@): pnQe::i 6e(xo).
'L i=l

(a) Using properties of the function O,,, show that A*is well defined, i.e. (D,, has exactly one
point where it takes the value zero.

O) Show that O,(d) converges in probability, for fixed d > 0.

(c) Prove that lnconverges to I in probability.

(d) The random variables ,fr,(0" - 0) areasymptotically normally distributed. What param-
eters do you expect for this asymptotic normal distribution?



e)Derive the maxlllnllm LkeLhood estimator for θ.How does it relate to θれ?Btted on this

こtギ.:胤I『節驚Ⅷ換tttonスの宙ぬmmh岬 >QΠm畿
bias and mean squared error of亀 =(1-αル)ηX aS an esdmator of eXp(一 αθ):Where α≠o

広TIl鷲枇sampb hm men∝Шd d面butiol Ⅲ血manθ ad vttaTe a
〔o Find avariance stabi五 zing transfo■ 11lation forthe sample mean and construct a conndence

interval for based on this.

o)Find the Ⅱmit dist五bution of the sequence～ 石万(coS(メL)一 cos(θ)).For which values 6f
θis dis dist五bution degenerate?

■

IЮ軸黒鯰 潔 たヽ1でtttleWttt酬札 .SlЮW that there is no unifotty rnost

powerful tett at level α c(0,1).

流 tO={0,1,2}.Letル 晩 ぬop置 ofa Ⅳe,1)randOm varittL.Condder me ndl hypothe―
dS θ=Q and the d∝ mate hypothesis θ∈(1,2)。 SuppOSe"e have one sample X～ ギ(θ ,1)
and we wish to test JO against正れぃShoW thatthere is a unifo.1.1ly most poweJhl test at level

翅ぽ基器1組憮 鱚 曲 :度8[ギ刺Ю
ttЦう

ぎ、h。
"血
江1。gイ (の -loィ (θ。)iS inC"aも ing(or d∝reasing)in y,when)>ぬ (Or合<ら ),

ゎ6蝋
equivalent to y(χ )<C10r y(″ )>c2fOr

、∨

`bt F and 

θ be mo bowncumul面
“
d“d品

。Cン言T蹴略翼γ‖tIIT7≦佑verSus tt J>亀 W““ら可Q t tSknown.

0)ShOW that the test T(χ )=α  iS a UMP test of dze α fortesing JO:θ ≦ θ10r θ ≧ θ2

versus∬1:θl<θ <め,Whereの c10,l iS knOWn,ブ =1,2,and θl<め .

“

)Dedve ttt Цkelih00d r"o■ λ(χ )fOr Jf。 :θ ≦θ10r θ≧θ2・

所

神
郡

ｒ

ｌ

‐

―

ヽ



ぶ ねmily Of pЮ babilty density incdons∫ (″ lθ)On R,
have a“んο″れι JJttJtt00グ 協′Jο (MLR)it for each Q
monotonic in″ .Assume that∂21。g∫ (″ lθ )/∂θ∂″exists.

(a)ShOW thtt a family ofdensity functions{∫ (″ lθ):θ ∈

θ 程停謬洲テ鵬理T器嶋″血亀
(z) f @V) [a'?@](r I 

a) I a0 a rl > (0 f @lQ I aQ @ f @10) I 0r) for att r and 0 .

(A)/lnt Z - N ({{ rf;tgen 22 hasthe non-central chi-square distributi on yl@). Show that

{x?@} has MLR in\ . ,.o,
', zt'

\XA family of probability distributions on R, indexed by 0 € O c B, is called stochastically
increasing if their CDFs {F@le),0 e O} satisfy the following statement

When 01 102, we haveF(rldt) > F@le) for all r € R.

(Intuitively this says that larger values of the parameter d are associated with larger values of
the random variable X).

(a) Show that if a family of pdfs {f @le) : d e O} has an MLR, then the conesponding
family of CDFs is stochastically increasing in 0.

O) Show that the converse of part (a) is false.

indexed by θ c O⊂ R,is said to
≠θl,the ratio∫ (″ lθ l)/∫ (″ lθo)iS

O⊂ R}has MLRin″ is equivalent
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