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Advanced Statistical lnferencc I
Homework l:Probabihty neory
Due Date:September 22nd,2016

1。 (Review change of variable and integratioll)Given a set cregion),

五={(3,ν):0≦ ″≦1,0≦ ν≦1)・

Make the transfomation υ=■ +y,υ =″ .

(→ SketCh this region or image of the transfo..uation.

(b)Find thё following integration      /ム

∩D dα
dν

on the set A∩ D,where

D={(″ ,ν):″ +ν ≦1/4}.

2.(Review college level probability and statisics)Given pdf of π,

∫(Z)=={lexp(~人″):温まれ£
where λ is a positive real numbe■ Find the pdf

g(・)==/il∫ (ν)∫ (・ ―ν)αν

for all"∈ R.

Hint T詭 above fomula is called convolution of X=y+Z,Where Z=X―
y and y and

Z are independent random variables wii the same diStribu■ on∫ .Be Careful with the region

of integration.

(Review some co面binatory)Lay aside π black balls and η read balls in a jugo Suppose

l≦ r≦ た≦η・Each time one draws a ball from thejug atrandom.

(a)If each ttlllle ollle draws a ball Wi■ Out re― ,what is the probability that in the卜th ime

of drawing one obtains exacdy the r― th red ball?

(b)If each time one draws a bau with retum,what is the probability that in theた
―th time of

drawing one obtalned totally an odd number of red ball?

(Review lmcorrelated and independenth A coin is tossed 10 dmes.(¶
he implicit assШ ttdons

are that the tosses are independent and the chance of heads is 1/2.)Let y be the llllmber of

heads aIIlong theいt9tOSSes。 ■∝ X be+l if the nrst toss iS heads dse,X=-1.Set
y=xy.show thtt σあ (眈 1/)〒 O and the random varlablesび and y are notindependent.

(Review conceptinvolved conditioning)A coin is tossed 10 tillles.Che implicit assumptions
are血江the tosses are mdttmdent ttd the chance」 heMsヽ 1/2。 )Let X be the nllmber of

heads on the■ rst 5 tosses,and y the total number ofheads.Show that E(γ lX=・)=π+2.5

and υar(ylx=″ )=5/4 where the possible values of r are O,1,…
。,5.

3.

4.

5.



6. (Review of MLE)Let Xj and x,1≦ づ≦η,be independento Moreover・ both X,and K are
nonna■y distributed witt IIlean αtttd varalnce σ

2 forづ
=1,… .,η .

(→ ShOW Ⅲatthe MLE for αtis aを =(義 十 И)/2 and the MLE for σ2is∂2=九 -lΣ
肛lS:,

wheお s:≡ (χ ―К):/4,

(b)ShOW that a2 is nOt conSistent by identifying its mean and varlan9e as η goes to inflni呼
Review the proof oflarge numbers and the deflnition of convergence in probability.

Suppose that an experiment is conducted to measllre a constant θ.Independent unbiased
meastlreIIlent ν of θ can be made with either oftwo insmments,bOth of which measure with

nomal errors:foFづ =1,2,i■ smment,produces independent errors with a Ⅳ(0,イ )diStribu_
饉on.The twoerrorvariances σf ttd σ;“ knoWnハhn a measllrement ν is made,a Кcord
is kept ofthe insmmOnt used so that after η measllrernents the data is(α l,νl),… 。,(an,ぃ ),

where απ =づ if νれ is obtained using insmment t.Lc choice bet"een ins― ents is made

independendy for cach observatiollin such a way that

P(αm=1)=P(am=2)=0.5, 1≦ π ≦電.

Let″ deno“ dle entire set ofdata available to the smdsician,in this case(α l,νl),… 。,(an,%),
and let′θ(■)denote the corresponding log likelihood functton for θ.Let α=Σ乳=1(2-α m)。

Show thatthe maximum likelihood esdmate of θ is given by

θ= (Ё 1/σ:1)~1(ΣE νmィ
11)・

(Review optimization of non-differentiable function) Suppose rLt . . . ,tn are real numbers.
Suppose n is odd and the fr; aita all distinct. There 3 s uniQue median f: the middle number
when the r's are aranged in increasing order. Let c be a real number.

(a) Show that /(c) : DLr l*n - "1, 
as a function of c, is minimized when c: rt.

Hints. You cannot do this by calculus, because / is not differentiable. Instead, show that

/(c) is (i) continuous, (ii) strictly increasing as c increases for c ) rt,i.e., fr I c1 I c2

implies /(ct) < f ("r), and (iii) strictly dccreasing as c increases for c 1 ft.It is easier to
think about claims (ii) and (iii) when c differs from all the r's. You may as well assume
thatthe fi4?taincreasingwithi. If youpursuethislineof reasoningfarenough,youwill
find that / is linear between the o's, with corners at the a's. Moreover, f is convex, i.e.,

f ((r + s) 12) < lf (x) + f @llz.
(b) Suppos Xa are independent for i : 1,...,n, with common density O.5exp(-lz - 0l),

where d is a parameter, r is real, and n is odd. The MLE for d is defined as the muimizer
of ilLr 0.5exp(lr1 - 0l). Find MLE of d.

(Review optimization of differentiable function) Suppose that, conditional on the covariates
xeRp,theY'sareindependent0-lvariables,withlogitP(Ii:llXl:*r):x68,i.e.,
the logit model holds. Here x is a p x 1 vector. Its log likelihood function can be written as

Lれ0)一倍bg卜 +eXp幌の1)十

(a)ShOW that Lη (β )iS a cOncave fmctiolll ofβ .
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(b) Show rhat L"(B) is strictly concave if X has full rank. Here X is a p x n matrix and

X: (*r,...,x.).
(c) Comment on the existence of the maximizer of L"(B) when X is fulIrank.

Hint.Lettheparametervector gbep x landcbeapx l.vectorwithll"ll >0.Youneedto
show cr,Li (Oc 3 0, with snict inequality if X has fulI rank. Check that c"xfxrc ) 0 and

tb" (*F) I m 1 0 for all i : !,... tfl,where m is areal number that depends on B. Note

that$(r): -log(1 *e').
10. (Detect mixture distribution) TWo pennies, one with P(head) : u arrrdone with P(head) : trl,

aretobetossedtogetherindependently. Definepo : P(0 heads occur), h: P(l heads occur),

Md pz : P(2 heads occur). Can u and tu be chosen such that po : Pr : Pz? Prove your

answer.

11. (Countable additivity and Kolmogorov's Axiom)

(a) Show that the Axiom of Countable Additivity implies Finite Additivity.

(b) Prove that the Axiom of Continuity and the Axiom of Finite Additivity imply Countable

Addivity. Note that Axiom of Continuity

12. (Information and Conditioning) An employer is about to hire one new employee from a group

of N candidates, whose future potential can be rated on a scale from 1 to N. The employer
proceeds according to the following rule.

(Rule 1) Each candidate is seen in successsion (in random order) and a decision is made

whether to hire the candidate.

(Rule 2) Having rejected m - Lcandidates (m > L),the employer can hire the rnth candidate

only if the m th candidate is better than the previous m - I.

Suppose a candidate is hired on the ith trial. What is the probability that the best candidate

was hired?

13. (Is there a cheating?)

(a) In a draft lottery containing the 366 days of the year (including February 29), what is

the probability ttrat the first 10 days drawn (without replacement) are evenly distributed

among the72 months?

(b) What is the probability that the first 30 days drawn contain none from September ?

14. (Sampling and central limit theorem)

(a) A way of approximating the large factorials is through the use of Stirling's Formula:

nl = tffinn+Uz exq(-n),

a complete derivation of which is difficult. Instead, prove the easier fact,

li* ,r,='! , ,:aconstant'
n-+@ nn+Llz eXP(-f,)



(b) Suppose that we are going to calculate all possible averages of four numbers selected
from {2, 4,9,1211 where we draw the numbers with replacement. Prove that the average
of {2,4,9,12},29f 4,has the highest probabitity.

(c) Prove that. in general, if we sample with replacement from the set {rr,rr,. . . ,rn}, ttre
outcome with average (artrz+. - .*r*) fn is the most likely, having probability nlf n^.

(d) Use Stirling's forrnula to show thatnlf nn x 1/ffie-n.
(e) Show that the probability that a particular r; is missing from an outcome is (1 - Lln)" -+

exp(-l) as ?z -+ oo.

15. (Model time series and etc) Derive the autocovariance function of the following autoregressive

Process: 
xt : o.|xt-t * 21;

where E(Zr) : 0, uar(21) : 1, and 21,22,..- are independent. For a time series {Xr}, its
autocovariance function is defined as

lx(t + h,t) : C ou(X41, Xr) : E[(Xt*o - E(Xr*n)XX - E(Xr))|.

16. (What is the meaning of random assignment? Think of lottery.)

(a) My telephone rings 12 times each week, the calls being randomly distributed among the
seven days. What is the probability that I get at least one call each day? (Answer:
0.2285.)

(b) What is the probabitity distribution of Xr?

(c) If someone does this experiment once, you are asked to guess the outcome of Xr defined
in Exercise 1.46. Let Y3 denote the rule that someone will make a guess j. If the guess

matches the outcome of X1, apize of 100 dollars will be given. Otherwise, there is no
reward. Determine the expected return of rule Yi ^d decide which Yi gives the highest
return.

17. (Comparison of two random variables)

(a) A cdf F; is stochastically Larger than a cdf Fy if Fx(t) S Fv(t) for all t and Fy(t) <
Fv(t) for some f. Prove that if X - Fx and Y - Fy, then

P(X > t) > P(Y > t) for every t

and
P(X > t) > P(Y > t) for some t,

that is, X tends to be bigger than Y.

(b) Let X and Y be two random variables defined as in Example 1.5.4 with p.;g ffid pv,
respectively. Here py ffid pv refer to the probability of a head on any given toss for
those two coins, respectively. When px ) pv,is Fy is stochastically greater than f'x?
Give reason to support your conclusion.



18. The paper "Methods of Studying Coincidences" by Diaconis and Mosteller (1989, JASA)

shows how the "The Law of Truly Large Numbers" might explain what we think of as rare

events. That is, when we truly enumerate the sample space and the event, things are not so

remarkable as they might once seem.

T\e Binhday Prcblem is an example of this, as is the Double Inttery Winner. To the average

person, it seems that the odds are astronomical that someone could win the lottery twice, but

that is not so! Lets do some calculations for the Florida Lotto.

(a) The Florida Lottery states Selec t si^x numbers frorn L thrcugh 53 in one panel on your

FLONDA LOTTO playslip, and gives the odds of winning as t : 22,957,480. Verify

that this number is correct. (You might check out http://www.flalottery.com)

(b) There was a front page story in The New York Times that reported a I in 17 trillionlong
shot of a woman who won the New Jersey lottery twice. The 1 in 17 trillion number is

the corect answer to a not very relevant question. It is the probability that YOU will
win the lottery twice. Calculate this number for Florida Lotto

(c) The important question is, What is the chance that some person, out of all the millions

and millions of people who buy lottery tickets in the United States, hits alottery twice in

a lifetime? (We must remember that many people buy multiple tickets on each of many

lotteries, but we will ignore that fact here.) The population of Florida is 15,982,378

people. What is the probability of a double lottery winner if (i) one out of every 10

people play Lotto and (ii) one out of every 5 people play

(d) Finally, realizethat we should not only consider one lottery but take into account the fact

that the lottery is run every week. Redo the calculations in paft (b) assuming that (i) the

Lottery is played every week for one year (ii) the lottery is played every week for five

year

(e) After the The New York Times article appeared, Steve Samuels and George McCabe, both

professors in the Department of Statistics at Purdue University, did some calculations

and called the event;practically a sure ffng," calculating that it is better than even odds

to have a double winner in seven years someplace in the United States. It is better than

1 in B0 that there is a double winner in a four month period - the time between the

winnings of the New JerseY woman.

For the Florida Lotto, give a scenario in which it would be better than even odds that

there will be a double lottery winner.



Methods of. Studying Coincidences

The following item was reported in the February 14, 1986 edition of The New York Times: A New

Jersey wornan wins the New Jersey State Lottery twice within a span of four months. She won the
jackpot for the first tirne on October 23,1.985 in the Lotto 6139. Then she won the jackpot in the new

Lotto 6l42on February 13, 1986. Lottery officials declare that the probability of winning the jackpot

trvice in one lifetime is approximately one in 17.1 trillion. What do you think of this statement?

Solution. The claim made in this statement is easily challenged. The officials' calculation proves

correct only in the extremely farfetched case scenario of a given person entering a six-number

sequence for l-otto 6/39 and a six-nurnber sequence for Lotto 6/42 iust one tinxe in his/her life. In
this case, the probability of getting all six numbers right, both times, is equal to

L 1 ._1e

AOO "frq:!'7rx1013'
But this result is far from miraculous when you begin with an extremely large nurnber of people

who have been playing the lottery for a long period of time, each of whom submit more than one

entry for each weekly draw. (Refer to American Statistician (1992): 197-202.) For example, if
every week 50 million people randomly submit five six-number sequences to one of the (many)

Lottos 6142, then the probability of one of them winning the jackpot twice in the coming four
years is approximately equal to 63%. The calculation of this probability is based on the Poisson

distribution, and goes as follows. The probability of your rryinnilg the jackpot in any given week by

submitting five six-number seguences is'

c@5:9'531 x 1o-7'

The number of times that a given player will win a jackpot in the next 200 drawings of aLotto 6142,

then, is Poisson distributed with expected value

)o : 2oo " C#d: 1.983 x lo-a'
- \--, -/

For the next 200 drawings, this means that

P(-y given player wins the jackpot two or more times) -- 1-exp(-,\o)-)o exp(-)s) : 1.965x 10-8

Subsequently, we can conclude that the number of people under the 50 million mark, who win the
jackpot two or more times in the coming four years, is Poisson distributed with expected value

):50,000,000 x (1.965 x 10-8):0.9825.

The probability in question, that at some point in the coming four years at least one of the 50

million players will win the jackpot two or more times, can be given as 1 - exp(-)) : 0.626. A
few simplifying assumptions are used to make this calculation, such as the players choose their six-
number sequences randomly. This does not influence the conclusion that it may be expected once

in a while, within a relatively short period of time, that someone will win the jackpot two times.
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Advanced Statistical lnference I
Hollllework 2:Transfo....ations and Expectations

Due Date:October 6th

l.Let Ω be a sample space and let■ 1,■2,…・be events.Deflne鳥 =∪胆πスをand(乳 =∪胆
"ん

・

(a)ShOW that Bl⊃ 32・ …and that θl⊂ c2⊂ …・・

(b)ShOW thatり ∈∩担13n if and only ifり belongs to an inflnite number of the events

■1,■2,…・・

2.Lct X～ びηj∫οrm(0,1)・ Let O<α <b<1.Let y=l when O<″ <b.Otherwise y=0
Let Z=l when α<″ <1.Otherwise,Z=0。

(→ Are y and z independent?WhyrWhy■ Ot?

o)Find E(ylZ)。 IIint Whtt vdues z can Z take?

3.Let X have lllean O.We say that X is sub― Gaussian if there exists σ>O such that

10g(E卜Xp(ιχ)1)≦ t2σ
2/2 for all t.

(a)ShOW that X is sub― Gaussian if and only if― X is sub―GaussiaIIl.

o)Lct X havelnean μ.Suppose that X― μ is sub― Gaussiano Show that P(IX― μl≧ ι)≦
2 exp(一ι2/(2σ 2))。

Remttk When peop10 say“ X is sub‐Gaussian they often mean that“ X― μ is sub―

Gausslan.

(C)Suppose that X is sub― Gaussiano Show that,for any p>0,

EIIXF]≦ pノ/2〆
「 lp/2).

4.LctXl,…・,Xπ be iid,with mean μ,7αr(Xj)=σ 2and lXぅ
|≦ C・ Bernsteins inequality says

that

P(1為―μl>t)≦ 2以p(―
,メ畿洒)・

Suppose that σ2=0(1ル
)。

USe Bernsteins inequality to show that Xれ 一μ=OP(1/η )・

5. An tlm contalns b black balls and r red baus. one Of the balls was drawn at random,and

putted back in the urn with α additional balls of the sallne colo■ Now suppose thatthe s∝ ond

ball drawll at random is red.Whatis the probability thatthe mt ball drawn was black?

6.Let Xl and X2 be五d Unifom(0,3).Find the density of y=X1/X2・

7.Lct Xl,…・,Xれ ～ びηげοrm(α,b)Where α <b.Let玲 =malX{Xl,…・,Xれ }・
Find the

denslty ofン 1.

8。 Consider the random variable X～ び[-1,珂・Derive the CDF and(fOr cOndnuous case)血 e

density func■ on for the following random variables.

Oy={%臨i壁

卿鋼・



9.

10。

12.

(b) Z : F(Y), where F(Y) is the CDF of Y as defined in (a).

(c) Find E(Y), E (Z), V ar(Y), and V ar(Z).

I-etY bearandomvariablefollowingtheexponentialdistribution,i.e.,fy(y) : e*p(-y)I(y >
0). Conditional on Y : A, X is a random variable following a normal distribution with mean
y and variance y.

(a) Compu te ElXl andVar(X).

(b) Find the disribution of (X - Y)'.

Suppose that X has a continuous distribution with p.d.t. f y(r) : 2r on the interval (0, 1),

nd fy(r) : 0 elsewhere. Suppose that Y is a continuous random variable such that the

conditional distribution of Y given X : r is uniform on the interval (0, r). Find the mean

and variance of Y in two different approaches.

(a) Determine the unconditional (marginal) distribution of Y. Use it to compute E[Y] and

Var(Y).
(b) Usethetherelationships E(Y) : EIE(YIX)I ad Var(Y) : ElVar(YlX)l+Var(E(YlX)).

(Median) (a) Suppose continuous random variable X has the exponential distribution X -
Exp(\) with pdf f (*) :,\exp(-)c)110,."y)(r) for ) > 0. What is the median for X and

find an expression for Pr(X > s * tlX > s).
(b) When the median of a random variable X (or its distribution) is any value rn such that

P(X > m) 2112 and P(X < m) > L/2, show that the set of medians is a closed interval

lmo,mt].

@ata summary) For any set of numbers rrt . . . ,trn and a monotone function h('), show that

the value of a that minimizes D?:tlh("u) - h(")l' is given by a : h-'(DT:th(t;)ln).
Find functions h that will yield the arithmetic, geometric, and harmonic means as minimizes.

Recall that the geometric mean of non-negative numbers is (IIIL, ,o)''n and the harmonic

mean is ["-' Df:r(r l rn)]-t .
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Advanced Statistical Inference I
Homework 3: Transformations and Expectations

Due Date: October 24th

1. Let X - l/(0,1) be the standard nonnal distribution. Show that

(a) The moment generating function Mx(t) : exp(* 12) for all t e R.

(b) Mx,(t): (1 - 2t)-t1z for -m < t < L/2.

2. T}lle V/eibull cumulative distribution function is

I rn..91
F(r) :1 -exp 

L- (;) I, r) 0,4 ) 0, P >0.

(a) Find the density function.

(b) Show that if W follows a Weibull disfiibution, then X : (W I a)p follows an exponential
distribution.

(c) How could Weibull random variables be generated from a uniform random number gen-

erator?

3. Let X have two-sided exponential distribution with density

1

f (*): i"*p(-l"l), forc e r?.

(a) Find the moment generating function of X.
(b) Use your answer in (a) to find .O(X), E(X^) andVar(X).
(c) For arry p € -R, and o )O,whatisthedensity of Y:oX + 1t?

4. Let Y have the binomial(n, p) distribution and let X have the beta(c, 0) distribution.

(a) ShowthatP(Y <A): P(X < 1-p) if a:n-AandP:y*L.
(b) Use the relationship in part (a) to find the median of a beta(5, 3) random variable.

5. For any random variable X, be it continuous, discrete, or whatever, a uth-quantile of X is
defined to be a number r such that the following holds.

PIX < nl> u and PIX > rl> L-u.

The standard exponential distribution has density

rt^\ _ | exp(-r), for r ) 0,
.rr"i -\ 0, foru <0.

What are its quantiles?

6. (Refer to the previous question on the definition of quantile.) Suppose Z is a standard normal

random variable, with densit1 6Q) : exp(-2212)/r/2" for -oo < z < @.

(a) Show that PIZ ) zl : (1 + o(1))/(z)lz as z goes to oo; here o(1) denotes a quantity

that tends to 0 as z goes to 1. [Hint: integration by parts.]



7.

8.

9。

10.

(b)Let ga be thё (1-α)th‐quand16 of Z,Show ttat

%=721og(1/α )-16g(log(1/α))-10g(4π)+ο(1)

aS α→ Q here ο(1)dehOtes a quantity thattends to O as α→ 0.

Suppose y is a standard cauchy random varlable.

(→ What are the ttst and third quartiles of y?

(b)ShOW thtt PIy≧ 例留1/(πν)as ν→∞・

Adapted■ omA SJ″ル物
“
ルガο″Es,im″ Bα sθグOπ SJ″

“
Ja′Jο

“
ルrCΨル″‐R′εη″″α

“
′

L職″″択
`∫
な″Dα″by Minta and Mangd,Ecology 1989.

h the fau of 1984,N∝ 伍 Americall badgers(Taxidea taxus)were snowtracked in

a15たπ2area On the Natiollal Elk Refuge,Jackson,Wyomng.The size and shape

ofthe m=get area were dictated by topographic and plant collmllmty features that

created a relatively isolated area of high badger densitI Fifteen of the badgers

were radiotagged and known to b9 occupying or overlapping the area.During the

2-month tracking period there was no death or eIIllgration of radiotagged badgers,

and radiotagged badgers outside theはget area did not lI― grate.One badger

emgrated near the end ofthe sampling period.Du五 ng daylight and under suitable

weather conditions,the target was searched for badger sllowtrackso A total of 24

tracks could be followed to a te― nal hole,where the badger would be inactive in

an underground h肛 叫 Alltelemew frequencles were then scallmed to detemine

whether the badger was ttα κセ′o=“η
““

rたιグ.Radiotelelne崎 ″reVealed that ll of

the lracks were generated by IIlarked badgers.

(→ Let Ⅳ bethe(unknOwn)total badger populatioII size.ExPlain why the hypergeometric

distributton can be used to model this experiment.Identify the values of the paralneters

M and K.

(b)For the values of the paralneters g市 en above,what is yollr best guess(esdmate)of Ⅳ.

(c)For dle value of Ⅳ from part o),draw the hypergeometric distributton.How likely is the

observed value of″ ?

(d)For values of Ⅳ near ttat of part(b),eValuate tte probability of the observed value of″ .

What nllght you concludc about the population size?

L∝ Xl,・ …,為 be independentrandom variables,takingvaluesttm p,司 and乱 =Σた1為 .

Showぬ江,for any t≧ E(島 ),

Ц島刈≦(等)(≒翠 )耐
・

Hint.Use CheHlols bounding method.

Ld yl,y2,y3,… be a sequcllce of ioi.d.random variables with lnean E(X)=μ ,and inite

vanance yα r(χ)=σ
2.Deine the sequence{Xれ

,η =2,3,…・}as

X"〓
yly2+y2y3+…・+4_」亀十耽yl

n
Show that X,, converges to;,r,2 in probability.

, for η=2,3,



11.Let yl,y2,y3,… ・be a sequence of positive i.i.d.random variables with O<E口 nx]=γ <
∞.Deine the sequence{Xれ ,η =1,2,3,…・}as

為 =(4y2y3…・L-1耽 )1/れ ,      for η=1,2,3,… .

Show that Xn converge to exp(γ )in prObabi五年

12.Let Xれ be unifol...On the points(1/η ,2/η ,…
。
,η/η =1}.As n goes to the ininity9 shOw

that Eん (Xれ )COnverges to Eん(X)WhereX isaunifonnrandomvarlableontheinterval Ю,1・

(Think ofthe convergence of a Riclnalln sum to a Riemann integral.)

13. Consider the fol10wing sequence of random variables:

Xn={:Wil『
::爺|1専 :411/η .

Find E(Xれ ),7αr(xれ),and ShOW that Xれ converges to O in pЮ bability.
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Advanced Statistical Inference I
Homework 4: Common Families of Distributions

Due Date: November 2lst

i l.,,Fuppose that (Y, X) are random variables where Y e {0, 1} and X e R. Suppose that
I

XIY :0 - Normal(O,1)

and that 
xv: r. - Normal(2,r).

.suppose that P(Y - 0) : P(Y :7) :712. Find rn (r) : P(Y : IIX : r).

,=?, V. \et X1, .. ., Xn - Bern,ottl'li(9) where 0 < 0 < 1. Let Y; : exp(3 X;).Let

w, :1i 
",

" rL=
(a) Show that there is a number p such thatWn converges in probability to 1t.

(b) Find the timiting distribution ot Jn(W* - ti. A

(c) Let Yn : ffi,. Show that \fr,(Y- - a) -+ l/(0, b) for some a and b. Fii-a and b
explicitly.

V p"t& be a Bin(n,1/2) random variable. Set

11+ザ
≒

)X7t(1_

11=(

(a)Find E(耽 )・

the limiting distribution of Zれ =logンЪ.(b)Find

ゾ

Ｘ
一

れヽ
、
‐
‥
‥
′
／

上
輌

A Let Xr, Xz, . . . , X,"be i.i.d. random variables from an exponential distribution with mean 1/)
' - so that their common densitv function is

ノ(71λ)=λ exp(―λ″), 7≧ 0・

<…・<X(→ the Order statistics of Xl,X2,… ・,Xπ .Deine,for

Dグ =(η ― j+1)(X(の 一 X(に 1))

with X1e; : 0.

(a) Prove that D1, Dz, . . . , Dn are i.i.d. random variables from an exponential distribution
with mean 1/).

(b) Use the result in (a) to find E(X1";).

(c) For a fixed K e {3, 4,. . . ,n}, suppose that you are only able to observe the exact values

of Xlry,Xp),...,X1r<) andyouonlyknowthateachof the X(rrsfori > K areatleast
equal to Xfn.Define the total-time-on-test (TTOT) statistic

K
T :Dxs1* (n - K)X61.

Find E(T)and dete....ine the constant c such that E(cr)≡ 121,

1

Denote by χ(1)<X(2)
づ=1,2,… .,η ,

、
一
ト



(d) Find an expression for the variance of your estimator in (c).

x
\ Let Xn.be a Bin(n,1/2) randorn variable. Set

11= (1+t≒
)X・ (1-て ,万 )れ

~X2

(a)Find E(4).

(b)Find the linliting distribution of Zπ =logll.

\ 
Note that a random variable X with the following density function

f (*lp) : #r@12)r@/z)-r exp(-rl2), 0 < ,r < oo

is called a 12 random variable with p degrees of freedom. Its moment generating function
Mx(t): (1 -'Zt)-ntz forany t < I12.

(a) Find the MGF Mv(t) where Y : 22. Here Z is a standard normal random variable.

(b) Let U and I/ be independent andidentically distributed 12 random variable with 1 degrees

of freedom. Find the MGF A[y(t) of Y : U + V. What is the distribution of Y? You

can use the above fact on the moment generating function of My(t) to answer question
(b) - (e).

(c) Find the mean and variance of a y2 random variable with 1 degrees of freedom.

(d) If X1 . . . . , Xn are independently identically distributed 12 random variable with 1 degrees

of freedom. Find the MGF A,[^(t) of the standardized mean,

t^, - x-E[xLl"n- 
@(x,)1"

(e) What is the limit of IVI,,,(I) as n -+ oo? What distribution has this function for its MGF?
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Advanced Statistical lnferencc I
Homework 5:Esdmationiikelihood

Due Date:December lst

`d“

～び磁ルrmcの Wh“θ>Q
(a) Find the distribution of (X1, Xz) gven ? where T : mar'{X,,, Xr}.
(b) Show that Xy + X2 is nor sufficienr.

r/
'-V1 Let Xt, . . . , Xn - Uni,f orm(-?,20) where O < 0. Find the likelihood function.

3. An unknown number, say .|y', of animals inhabit a certain region. To obtain some information
about the population size, ecologists often perform the following experiment. They first catch
a number, rn, of these animals and tag or mark them in some manner. The captured animals
are then released back into the region. After allowing the tagged animals time to disperse
throughout the region, a new catch of size, say n, is made. Let X denote the number of
marked animals in the second catch. If we assume that the number of animals in the region
remains essentially constant between the times of the two captures and that each time an
animal was caught it was equally likely to be any of the remaining uncaught animals. Derive
the disnibution of x. (Note that it is hypergeomerrically distributed.)

V fne following data shows the heart rate (in beats/minute) of a person measured through theda'' ' ,r,Ts,g4,T6,g-,zg, gb, go, 26, zg, go,

Assume the data are an iid sample from 1/(d, o2) where a2 is known as the observed sample
variance s2. Thus-

Pe(r) : (2no27-t1z *, (-#O - il') .

For the following cases: (a) only the first value 11 : 73 is reported, (b) only the sample
mean t is reported, (c) only the sample_T:di* uloy is reported, and (d) onry rlrr; : tma,
is reported. (For the data above, fr : gTglII, rloi : Z9 and rlrr) : gi.l pira;* derive the
distributions needed for each ofthe cases (a), (b), (c), and (d) .

5/ egain in reference to question 4, consider the following two cases: (a) only /1ry and ulrr; are
reported and (b) only e11y_and y<zl are reported. Using the dismibutioo, io, the appropriate
order statistics, derive the likelihoods for each ofthese cases.

6. For determining the halflives of radioactive isotopes, it is important to know what the back-
ground radiafion is in a given detector over a period of time. The following data were obtained
in a ray detection experiment over 9g ten-second intervals.
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Assuming a Poisson model with parameter ) for the data, derive its likelihoof function and
determine its maximum likelihood estimate.
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江為れ,… ,Xれ arc i.i.d.with density hnctiOn

ズ刺={言ズく″~鋭 鳳軋
(a)Find■e method of moments estimate of θ.

0)Find the maximum lkeuh00d estimatc of θ.(Hint:Be careml,and dont differendate

晦 聰1蠍郵写駐Ψ彎謂器
Cを =βθづ_1+6づ ,づ =1,… 。,2,c。 =0.TO nnd the density p(χ l,…・,Xη )by inding d℃
density of cl,・ …,Cη uSing conditiOnal probabi五ty theory and et=β cづ_1+Q,Dejve the
density as follows

O)ShOw that p(θ l,・ …,cη)=∫ (Cl)∫ (c2~βCl)・ …ノ(en― βθれ_1).

0)Show thatthe modelfor χl,…・,Xη is p(″ 1,・ …,"れ)=∫("1-μ )Π卜2∫ (″′~β″ブ_1-
(1-β )μ ).

O Give thejoint dendty incdon when∫ isthe Ⅳ(0,σ
2).

9.Condder■e random variable X～ υ[-1,1.Derive the CDF and(fOr cOndnuous caso the
density hnction for the following random variables.

Oy={%轟編i壁

1/21/刻 ・
0)Z=F(y),where F(y)isthe cDF ofy as dennedin(a).

e)Find E(y),E(Z),7α r(y),and yα r(z).

Vut x be arandom variable with range {0,1.,2,. . .}. Show that if E(x)< oo, rhen

E(X)=Σ P(χ ≧η).

η=1

ゾ Lt x be arandom va五abb hⅣ ing a c.d.iF(″ ).ShOWぬ江rχ ≧ o,■en

E(x): JLt-Fy(r)ldn;
in general, It E(X) exisrs, then

E(x\: /-[r -
.,/ 

Jo

lY Let X1 and Xz be independent random
Obtain the joint p.d.f. of (Y,y), where
independent?
-t

\t{consiaer n systems with failure times X1, . . . , Xnassumed to be independent and identically
distributed with gamma, f (d,,\) distributions, where d and ,\ are both unknown. Find the
method of moments estimates of d and ,\.

み01伽―止[Fx(″湖山 .

va五 ables having the standard no...lal distribution.

X=/χftt X22 ad b=χ 1/X2・ AК thc L



ミイ軟lt

Un( ff time is measured in discrete periods a model that is often used for the time X to failure of

an ltem ls,

島IX=司 =θ
ん~1(1-θ

),た =1,2,…

where O < θ < 1. Suppose that we only record the time of failure,if failure occurs on

or before dme r and omerwise just note iat the item has lved at least(r+1)pe五 〇ds.

■lus we observe yl,… 。,レЪ which are independent,identically distributed,and have coIIIInon
frequency inction,

∫(た ,θ)=θた~1(1-θ
),た =1,2,… 。,r

∫(r+1,θ)=1-Σ θん~1(1-θ )=θ
r.

た=1

Let y=number ofindices l such that X=r+1.Show matthe maxlmum likeⅡ hood esd―

mate of θ based on yl,… .,ンЪ iS

θ(Y)=藝
縫lχ

~η

Σ肛lX― ハイ
・

くv箇鰍嘲蹴:認樵灘珈 嶽鵠W制庶 L朧鳳 t』f∬

ofb for Ⅳ and η nxed is giVen by,

/   欲Ю=陽0+」 r券い⇒玉Юt m heger9

md   
輌=券0+⇒ ″吾W+⇒ -1

1.ヽ分
元Xlだ …,為 be五d"COdng m a Weibull dsdbution宙 ぬ densi"

ん(″)=θ″θ
~lexp(―

″
θ
), ″>0,θ >0.

Show that there is a unique rnaxiinunl of me likelihood function.
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6\t-  Jl
Advanced Statistical Inference I

Homework 6: Estimation, Ukelihood, and Kernel smoother
Due Date: January 3rd2o17

l. I*l X be arandom variable with EX2 ( oo, and Y : lxl. Assume that X has a density

symmetric about 0. Show that random variables X and Y are uncorrelated, but they are not

independent.

2._suppose U andl/ are independent with exponential distribution with parameter,\. (A random
- 

variable 7 is exponentially distributed with parameter ) if its density is given by f (t) :
)exp(-)t) with support ? > 0.) Define X : U * V andY : UV.

(a) Derive the joint density of (X, Y).

([) Find the best linear predictor of Y given X.

(c) Find the best predictor of Y given X.

3. l-et Xr,. . . , Xnbe IID Cauchy random variables. What is the distribution of X.? Does this

result make sen€
Hinc look up the characteristic function of the Cauchy RV.

4. \Et Xibe i.i.d. exponential random variables with rate one, i 2 1. Let l/ be a geometric

random variable *ith ro"""ts probability p,0 < p < L, i.e. P(l/ : k-) : (t - p)o-tp,
k : L,2,. . .,and independent of all X,;, i > 7. Find the distribution otI;[t Xi.

5. letX; be independent Gamma(ar, b) random variables, 'i : t,' ' ' rn.

(a) Use the characteristic or moment generating function to show that ![t X; is Gamma(D.?=t at b) .

O) For a positive constant C, what is the distrition of C Xt'|

(c) Show thatY : Xtl (Xt* X2) andYz : Xr* X2 arc independent. Derive the distribution

of }i.

}( Suppor" t/ and V are independent with exponential distribution with parameter.\. (A random
( - variable ? is exponentially distributed with parameter ,\ if its density is given by /(l) :

(r'J lexp(-)t) wittr-supportr > 0') Define X:U *VandY:UV'
(a) Derive the joint density of (X, Y).

(b) Find the best linear predictor of Y given X.

(c) Find the best predictor of Y given X.

7. Suppose ttrat X and Y have a joint pdf given by

fx,v(n,r): { 3 :-lffi:."
(a) Find EIYIX - ro).

(b) Plot the CEF (conditional expectation function) EIYIX : ,]. Can you explain heuristi-

cally why the function has this particular form?

(c) Find EIY X3 + 1lX : ,ol.



(d)Find y(ylχ =″o)・ Does its dependence on"O make sense to you?

8. The Weibull cumulative distnbution function is

Ц→=l eXp卜 O],″≧Qα >Qβ >Q

(a)Find the density function.

0)ShOW thttif W follows a Weibull dst五 budon,then χ =(フレみ
/α

)β f0110WS an exponential

distribution.

(C)HOW Could Weibull random va五 ables be generated from a uniform random number gen―

erator?

9.Let Xl→
記

撃
村 び磁 ∫″ m(0,θ)WhCC θ>0・

(a)Find the distHbution of(Xl,る)giVen T where T=max{Xl,/Y2)・

0)ShOW that Xl十 χ2iS nOt sumcient.

10.Let Xl,… ・,ス■～びηげοr7【一θ,2θ)where θ>o.Find the ukeLhood funcdon.

11. Consider four observations-1,0,0.5,and 3 and evaluation at″ =0,″ =0.5,and″ =1.
Using a bandwidth of l,deterrllllne Gaussian kernel density estimate at″ =0,χ =0.5,and

χ==1.Note that the resulting estimate at″ ==O should be O.249.

鳴比謝T脳野電『乱Tttlt強鰹争軌鯛維][ulllvanate observations χl,"2,~・ ,″れ。Ass

some llnknown density∫ .

(a)Give tt fo■ 1■lula for九,the kemel density estimate corresponding to these data,this

bandwidth,and this kemel.

Φ)Find the expectation of a random variable whose density is∫ ,in telllls of the Sample

moments,ん,and the properties of tt kemel functiOn.

(c)Find the vadance of a random variable whose density is A,in“ ms ofthe sample rno‐

ments,ん ,and the properties ofん the kemel functiOn.

C)HOW mustん change as n gЮ ws tO ensllre that the expectation and variance of tt Will

二tガIWi蝋乳露撃i)け レ.し ,1
∫(″ lθ)=

Ъ e paraFneter space is O=(0,∞ )・

(a)Ve五 fy that― log Xl=y has an exponendal dist五 bution.

o)Find the CralFner Rao lower bollnd for unbiased estimttors of 7(θ )=1/θ・

(C)ShOW that― Σた110g Xづ ル isan UMVUE of1/θ .

l i、1 11     2
1,´ ■

'1｀

'・

1‐ t



V. t t Xr,. . . , X,be iid t/[0, 0], and suppose that we want to estimate g.

(a) Show that X61: lnox1<;<,, X; is sufficient for d.

(b) lrt 6 :2Xr, show that d is an unbiased estimator for d.

(c) Find n(61X6) and show that it is a UNVUE of 0

f Suppose Xr,.'. , X, are iid Poisson()), and let d : exp(-)) which is p(X, : 6).

(a) Show thatT : D|:tXz is sufficient for 0.

(b) Consider an estimator 6 : Iyr=s. Show that 0 is an unbiased estimator of d.

(c) Show that E(gF - t) : (t - t1n1D,x,.

V rctX: (Xr, ...,X,") beasamplefromanexponentialdistributionwithindividualdensities

r(,;o):i"*o(+) , r)0,
whered>0isunknown. 

,0,
(a) Show thatd : X?l}is an unbiased estimato r ot g(0) j01
(b) Show that r(X) : DT:rXa is sufficient for d.

(c) Rao-Blackwellize d to find an improved unbiased estimaror of g@) which is denoted by
6.;
Hint: You may use without proof that the distribution of U : Xrl(LT< Xo) follows a
Beta-distribution 6(1, n - L), where B(a, il is the distribution with oeniitv

ん らの=器 声雉 → 牲 に <■

0)Find the MLE of θ2 and denote it by∂湖e.compare the mean square error of the two

m斗 Йfdil]・リ  カ 7ψ
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